Îñíîâû ëèíåéíîé àëãåáðû


Ñèìâîë ñóììû


Â äàëüíåéøåì áóäóò ÷àñòî âñòðå÷àòüñÿ ñóììû, ñîäåðæàùèå ïðîèçâîëüíîå (èëè æå âïîëíå îïðåäåëåííîå, íî áîëüøîå) ÷èñëî ñëàãàåìûõ. Â ïîäîáíûõ ñëó÷àÿõ äëÿ ñîêðàùåíèÿ çàïèñè èñïîëüçóþò ñèìâîë ñóììû, îáîçíà÷àÿ âñå ñëàãàåìûå áóêâîé ñ îäíèì èëè íåñêîëüêèìè èíäåêñàìè:


�EMBED Equation.2���


(÷èòàåòñÿ «ñóììà ai ïî i îò 1 äî n»).


Èíäåêñ i íàçûâàþò èíäåêñîì ñóììèðîâàíèÿ. ×èñëà 1 è n íàçûâàþò íèæíèì è âåðõíèì ïðåäåëàìè ñóììèðîâàíèÿ. Åñëè ïðåäåëû ñóììèðîâàíèÿ ÿñíû èç êîíòåêñòà, òî óêàçûâàþò òîëüêî èíäåêñ:


�EMBED Equation.2���.


Âñå óñëîâèÿ, îïðåäåëÿþùèå ìíîæåñòâî çíà÷åíèé èíäåêñîâ ñóììèðîâàíèÿ, ìîæíî çàïèñûâàòü ïîä íèæíèì ïðåäåëîì. Íàïðèìåð:


�EMBED Equation.2���.


Åñëè, â ÷àñòíîñòè, íåîáõîäèìî ïðîïóñòèòü k-å ñëàãàåìîå, òî ïîä íèæíèì ïðåäåëîì ñëåäóåò çàïèñàòü íåðàâåíñòâî:


�EMBED Equation.2���.


Îáîçíà÷åíèå èíäåêñà ñóììèðîâàíèÿ ìîæåò áûòü èçìåíåíî (ãîâîðÿò, ÷òî èíäåêñ ñóììèðîâàíèÿ ÿâëÿåòñÿ íåìûì, èëè ñâÿçàííûì):


�EMBED Equation.2���.


Èçâåñòíûå ñâîéñòâà àðèôìåòè÷åñêèõ îïåðàöèé åñòåñòâåííî îáîáùàþòñÿ äëÿ ñèìâîëà ñóììû.


1. Ìíîæèòåëü, íå çàâèñÿùèé îò èíäåêñà ñóììèðîâàíèÿ, ìîæíî âûíîñèòü çà çíàê ñóììû:


�EMBED Equation.2���.


2. Åñëè ñóììèðîâàíèå èäåò ïî íåñêîëüêèì ðàçëè÷íûìè èíäåêñàì, êàæäûé èç êîòîðûõ ìåíÿåòñÿ íåçàâèñèìî îò äðóãèõ, òî ïîðÿäîê ñóììèðîâàíèÿ ìîæíî ìåíÿòü, íå ìåíÿÿ ïðåäåëîâ. Íàïðèìåð, äëÿ äâîéíîé ñóììû:


�EMBED Equation.2���.


Ïîäðàçóìåâàåòñÿ, ÷òî â ëåâîé ÷àñòè ñëàãàåìûå ñíà÷àëà ñóììèðóþòñÿ ïî èíäåêñó k, à çàòåì – ïî èíäåêñó i:


�EMBED Equation.2���,


â òî âðåìÿ êàê â ïðàâîé ÷àñòè ñóììèðîâàíèå ïåðâîíà÷àëüíî âûïîëíÿåòñÿ ïî èíäåêñó i:


�EMBED Equation.2���.


Ñîâìåñòíîå ïðèìåíåíèå äâóõ ïîñëåäíèõ ïðàâèë äàåò:


3. Ïðè ñóììèðîâàíèè ïî íåñêîëüêèì èíäåêñàì çà çíàê âíóòðåííåé ñóììû ìîæíî âûíîñèòü ìíîæèòåëü, çàâèñÿùèé òîëüêî îò èíäåêñà âíåøíåé ñóììû. Íàïðèìåð:


�EMBED Equation.2���;


�EMBED Equation.2���.


Åñëè îïóùåí ñèìâîë ñóììû (è íå óêàçàíû èíäåêñû ñóììèðîâàíèÿ), òî ñóììèðîâàíèå ïîäðàçóìåâàåòñÿ ïî òåì èíäåêñàì, êîòîðûå âñòðå÷àþòñÿ äâàæäû. Íàïðèìåð:


�EMBED Equation.2���


(ãîâîðÿò, ÷òî èíäåêñ i – íåìîé, à èíäåêñ k – ñâîáîäíûé),


�EMBED Equation.2���,


è ò.ä.


Ñëåäóåò îáðàòèòü âíèìàíèå íà òî, ÷òî ðåçóëüòàò ñóììèðîâàíèÿ çàâèñèò îò ñâîáîäíîãî èíäåêñà (ïî ýòîìó èíäåêñó ñóììèðîâàíèÿ íåò). Òàê, äëÿ ïåðâîãî ïðèìåðà:


�EMBED Equation.2���


Ïîäîáíàÿ çàïèñü ñóìì ðàñïðîñòðàíåíà â ïðèêëàäíûõ äèñöèïëèíàõ, îäíàêî òðåáóåò íåêîòîðîãî íàâûêà; ïî âîçìîæíîñòè ìû áóäåì åå èçáåãàòü.


Àêñèîìû ëèíåéíîãî ïðîñòðàíñòâà


Ïóñòü çàäàíî ìíîæåñòâî �EMBED Equation.2���, ñîäåðæàùåå ýëåìåíòû ïðîèçâîëüíîé ïðèðîäû. Ïóñòü òàêæå �EMBED Equation.2��� – ÷èñëîâîå ìíîæåñòâî (åãî ýëåìåíòû ìû áóäåì íàçûâàòü ñêàëÿðàìè).


Ïóñòü íà ìíîæåñòâå L îïðåäåëåíî îòíîøåíèå ðàâåíñòâà, óäîâëåòâîðÿþùåå àêñèîìàì:


1. a=a (ðàâåíñòâî ðåôëåêñèâíî).


2. Åñëè a=b, òî b=a (ðàâåíñòâî ñèììåòðè÷íî).


3. Åñëè a=b è b=c, òî a=c (ðàâåíñòâî òðàíçèòèâíî).


Çàìå÷àíèå 1.1.1. Îòíîøåíèå ìåæäó ýëåìåíòàìè, óäîâëåòâîðÿþùåå àêñèîìàì 1...3, íàçûâàþò îòíîøåíèåì ýêâèâàëåíòíîñòè. Îïðåäåëåíèå ïîäîáíûõ îòíîøåíèé ðàçáèâàåò ìíîæåñòâî L íà êëàññû ýêâèâàëåíòíîñòè. Íàïðèìåð, îáû÷íîå îòíîøåíèå ðàâåíñòâà íà ìíîæåñòâå Q ðàöèîíàëüíûõ ÷èñåë (÷èñåë âèäà �EMBED Equation.2���, ãäå m, n – öåëûå) ðàçáèâàåò ýòî ìíîæåñòâî íà êëàññû ýêâèâàëåíòíîñòè, êàæäûé èç êîòîðûõ âìåñòå ñ ÷èñëîì �EMBED Equation.2��� âêëþ÷àåò âñå ÷èñëà âèäà �EMBED Equation.2���, �EMBED Equation.2���.


Äëÿ ýëåìåíòîâ ìíîæåñòâà L îïðåäåëèì îïåðàöèè ñëîæåíèÿ è óìíîæåíèÿ íà ÷èñëî, òàêèå ÷òî:


-	ñóììà ýëåìåíòîâ èç L åñòü âíîâü ýëåìåíò èç L (ìíîæåñòâî L çàìêíóòî ïî ñëîæåíèþ);


-	ïðîèçâåäåíèå ýëåìåíòà èç L íà ÷èñëî èç U åñòü âíîâü ýëåìåíò èç L (ìíîæåñòâî L çàìêíóòî ïî óìíîæåíèþ íà ñêàëÿð).


Ïóñòü âûïîëíåíû àêñèîìû:


�EMBED Equation.2��� (ñëîæåíèå êîììóòàòèâíî).


�EMBED Equation.2��� (ñëîæåíèå àññîöèàòèâíî).


Ñóùåñòâóåò íóëåâîé ýëåìåíò (íîëü) ïî ñëîæåíèþ �EMBED Equation.2���, òàêîé ÷òî �EMBED Equation.2���.


Äëÿ ëþáîãî ýëåìåíòà �EMBED Equation.2��� ñóùåñòâóåò ýëåìåíò �EMBED Equation.2���, ïðîòèâîïîëîæíûé ýëåìåíòó a ïî ñëîæåíèþ: �EMBED Equation.2���.


Ñóùåñòâóåò åäèíèöà 1 – ÷èñëî, äëÿ êîòîðîãî �EMBED Equation.2���.


�EMBED Equation.2��� (óìíîæåíèå íà ÷èñëî àññîöèàòèâíî).


�EMBED Equation.2��� (ðàñïðåäåëèòåëüíûé çàêîí äëÿ ýëåìåíòà èç ìíîæåñò�âà L: óìíîæåíèå íà ýëåìåíò èç L äèñòðèáóòèâíî îòíîñèòåëüíî ñëîæåíèÿ ÷èñåë).


�EMBED Equation.2��� (ðàñïðåäåëèòåëüíûé çàêîí äëÿ ñêàëÿðà: óìíîæåíèå íà ÷èñëî äèñòðèáóòèâíî îòíîñèòåëüíî ñëîæåíèÿ ýëåìåíòîâ èç L).


Òîãäà îïåðàöèè ñëîæåíèÿ è óìíîæåíèÿ íà ÷èñëî íàçûâàþò ëèíåéíûìè, à ìíîæåñòâî L íàçûâàþò ëèíåéíûì ïðîñòðàíñòâîì, èëè ëèíåéíûì ìíîãîîáðàçèåì. Åñëè ïðè ýòîì ìíîæåñòâî U ñîâïàäàåò ñ ìíîæåñòâîì äåéñòâèòåëüíûõ ÷èñåë, òî L íàçûâàþò äåéñòâèòåëüíûì ëèíåéíûì ïðîñòðàíñòâîì.


Ýëåìåíòû ëèíåéíîãî ïðîñòðàíñòâà íàçûâàþò âåêòîðàìè; ïðåäñòàâëåíèÿ, ñâÿçàííûå ñ ïîíÿòèåì âåêòîðà, ÷àñòî ïîìîãàþò íàõîäèòü ãåîìåòðè÷åñêèé ñìûñë â ïîëó÷åííûõ ðåçóëüòàòàõ.


Íóëåâîé ýëåìåíò ïî ñëîæåíèþ íàçûâàþò íóëåâûì âåêòîðîì. Âåêòîð c íàçûâàþò ðàçíîñòüþ âåêòîðîâ a è b, åñëè �EMBED Equation.2���; çàïèñûâàþò: �EMBED Equation.2���.


Àêñèîìû 1…8 ïîçâîëÿþò óñòàíîâèòü îñíîâíûå ñâîéñòâà ëèíåéíîãî ïðîñòðàíñòâà.


Ïðåäëîæåíèå � STYLEREF 2 \n �1.1�.� SEQ Ëåììà \* ARABIC \r 1 �1�. Ëèíåéíîå ïðîñòðàíñòâî ñîäåðæèò òîëüêî îäèí íóëåâîé âåêòîð.


Äåéñòâèòåëüíî, ïóñòü q1 è q2 – íóëåâûå âåêòîðû. Òîãäà â ñèëó àêñèîì 1 è 3:


�EMBED Equation.2���;


âåêòîðû �EMBED Equation.2��� è �EMBED Equation.2��� ñîâïàäàþò, ÷.ò.ä.


Ïðåäëîæåíèå � STYLEREF 2 \n �1.1�.� SEQ Ëåììà \* ARABIC �2�. Äëÿ ëþáîãî âåêòîðà ñóùåñòâóåò åäèíñòâåííûé ïðîòèâîïîëîæíûé.


Äåéñòâèòåëüíî, ïóñòü b è c – ïðîòèâîïîëîæíûå âåêòîðû äëÿ a: �EMBED Equation.2���, �EMBED Equation.2���. Íà îñíîâàíèè àêñèîì 1…4 èìååì


�EMBED Equation.2���;


âåêòîðû b è ñ ñîâïàäàþò, ÷.ò.ä.


Ïðåäëîæåíèå � STYLEREF 2 \n �1.1�.� SEQ Ëåììà \* ARABIC �3�. Ïðîèçâåäåíèå ëþáîãî âåêòîðà íà ÷èñëî 0 ðàâíî íóëåâîìó âåêòîðó.


Äëÿ äîêàçàòåëüñòâà ðàññìîòðèì âåêòîð b, ïðîòèâîïîëîæíûé âåêòîðó a. Òîãäà


�EMBED Equation.2���, ÷.ò.ä.


Ïðåäëîæåíèå � STYLEREF 2 \n �1.1�.� SEQ Ëåììà \* ARABIC �4�. Ïðîèçâåäåíèå íóëåâîãî âåêòîðà 0 íà ëþáîå ÷èñëî ðàâíî íóëåâîìó âåêòîðó.


Ïóñòü a – ïðîèçâîëüíûé âåêòîð; òîãäà


�EMBED Equation.2���, ÷.ò.ä.


Ïðåäëîæåíèå � STYLEREF 2 \n �1.1�.� SEQ Ëåììà \* ARABIC �5�. Ïðîèçâåäåíèå íåíóëåâîãî âåêòîðà íà ÷èñëî, íå ðàâíîå íóëþ, âñåãäà åñòü íåíóëåâîé âåêòîð.


Äåéñòâèòåëüíî, ïóñòü �EMBED Equation.2���, �EMBED Equation.2���. Ïðåäïîëîæèì, ÷òî �EMBED Equation.2���; òîãäà


�EMBED Equation.2���,


÷òî ïðîòèâîðå÷èò óñëîâèþ �EMBED Equation.2���. Ïðåäëîæåíèå äîêàçàíî.


Ïðåäëîæåíèå � STYLEREF 2 \n �1.1�.� SEQ Ëåììà \* ARABIC �6�. Åñëè a è b – ðàçëè÷íûå ÷èñëà, è âåêòîð a – íåíóëåâîé, òî âåêòîðû aa è ba òàêæå ðàçëè÷íû.


Äåéñòâèòåëüíî, ïóñòü �EMBED Equation.2���; òîãäà


�EMBED Equation.2���,


�EMBED Equation.2���,


÷òî, â ñèëó ïðåäïîëîæåíèé �EMBED Equation.2��� è �EMBED Equation.2��� ïðîòèâîðå÷èò ïðåäûäóùåìó. Ïðåäëîæåíèå äîêàçàíî.


Ëèíåéíîå ïðîñòðàíñòâî íàçûâàþò íóëåâûì, èëè òðèâèàëüíûì, åñëè îíî ñîäåðæèò åäèíñòâåííûé íóëåâîé âåêòîð.


Ïðåäëîæåíèå � STYLEREF 2 \n �1.1�.� SEQ Ëåììà \* ARABIC �7�. Åñëè äåéñòâèòåëüíîå ëèíåéíîå ïðîñòðàíñòâî íå ÿâëÿåòñÿ íóëåâûì, òî îíî ñîäåðæèò áåñêîíå÷íî ìíîãî ýëåìåíòîâ.


Äëÿ äîêàçàòåëüñòâà äîñòàòî÷íî çàìåòèòü, ÷òî åñëè âåêòîð a – íåíóëåâîé è äåéñòâèòåëüíûå ÷èñëà a è b íå ðàâíû, òî âåêòîðû aa è ba áóäóò ðàçëè÷íû. Â ñèëó áåñêîíå÷íîñòè ìíîæåñòâà äåéñòâèòåëüíûõ ÷èñåë ëèíåéíîå ïðîñòðàíñòâî òàêæå áóäåò ñîäåðæàòü áåñêîíå÷íî ìíîãî ýëåìåíòîâ, ÷.ò.ä.


Ïðåäëîæåíèå � STYLEREF 2 \n �1.1�.� SEQ Ëåììà \* ARABIC �8�. Ïðîèçâåäåíèå âåêòîðà a íà ÷èñëî –1 ïðîòèâîïîëîæíî âåêòîðó a.


Äåéñòâèòåëüíî:


�EMBED Equation.2���, ÷.ò.ä.


Ïðåäëîæåíèå � STYLEREF 2 \n �1.1�.� SEQ Ëåììà \* ARABIC �9�. Äëÿ ëþáûõ âåêòîðîâ a è b ðàçíîñòü �EMBED Equation.2��� ñóùåñòâóåò è åäèíñòâåííà.


Äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ðàññìîòðèì âåêòîð �EMBED Equation.2���, ïðåäñòàâëÿþùèé ñîáîé ñóììó âåêòîðà a è âåêòîðà, ïðîòèâîïîëîæíîãî âåêòîðó b. Èìååì:


�EMBED Equation.2���.


Äîêàæåì åäèíñòâåííîñòü. Ïóñòü c – ðàçíîñòü âåêòîðîâ a è b: �EMBED Equation.2���. Òîãäà


�EMBED Equation.2���;


ñëåäîâàòåëüíî, ðàçíîñòü âñåãäà ìîæíî ïðåäñòàâèòü â âèäå �EMBED Equation.2���. Ïðåäëîæåíèå äîêàçàíî.


Ëèíåéíàÿ çàâèñèìîñòü


Ïóñòü �EMBED Equation.2��� – ýëåìåíòû ÷èñëîâîãî ìíîæåñòâà. Ëèíåéíîé êîìáèíàöèåé ýëåìåíòîâ �EMBED Equation.2��� ëèíåéíîãî ïðîñòðàíñòâà íàçûâàåòñÿ ñóììà


�EMBED Equation.2���.


Åñëè âñå êîýôôèöèåíòû ai ëèíåéíîé êîìáèíàöèè ðàâíû íóëþ, òî ëèíåéíàÿ êîìáèíàöèÿ íàçûâàåòñÿ òðèâèàëüíîé (ïðîñòåéøåé); â ïðîòèâíîì ñëó÷àå ëèíåéíàÿ êîìáèíàöèÿ íàçûâàåòñÿ íåòðèâèàëüíîé.


Ýëåìåíòû �EMBED Equation.2��� ëèíåéíîãî ïðîñòðàíñòâà íàçûâàþò ëèíåéíî çàâèñèìûìè, åñëè ñóùåñòâóåò íåòðèâèàëüíàÿ è ðàâíàÿ íóëþ èõ ëèíåéíàÿ êîìáèíàöèÿ:


�EMBED Equation.2���.


Åñëè òàêîé ëèíåéíîé êîìáèíàöèè íåò, òî ýëåìåíòû �EMBED Equation.2��� íàçûâàþò ëèíåéíî íåçàâèñèìûìè.


Òåîðåìà. Äëÿ òîãî ÷òîáû ýëåìåíòû �EMBED Equation.2��� ëèíåéíîãî ïðîñòðàíñòâà áûëè ëèíåéíî çàâèñèìû, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû õîòÿ áû îäèí èç íèõ ÿâëÿëñÿ ëèíåéíîé êîìáèíàöèåé îñòàëüíûõ.


Äîêàçàòåëüñòâî.


1. Íåîáõîäèìîñòü. Ïóñòü ýëåìåíòû �EMBED Equation.2��� ëèíåéíî çàâèñèìû:


�EMBED Equation.2���,


ïðè÷åì ñðåäè ÷èñåë �EMBED Equation.2��� åñòü îòëè÷íûå îò íóëÿ. Ïóñòü �EMBED Equation.2���; òîãäà, ïåðåíîñÿ k-å ñëàãàåìîå â äðóãóþ ÷àñòü è ðàçäåëèâ îáå ÷àñòè íà �EMBED Equation.2���, ïîëó÷èì


�EMBED Equation.2���,


÷òî è òðåáîâàëîñü äîêàçàòü.


2. Äîñòàòî÷íîñòü. Ïóñòü ýëåìåíò ak ëèíåéíî âûðàæàåòñÿ ÷åðåç îñòàëüíûå:


�EMBED Equation.2���.


Ïîëàãàÿ �EMBED Equation.2��� è ïåðåíîñÿ ak â äðóãóþ ÷àñòü, ïîëó÷èì íåòðèâèàëüíóþ ëèíåéíóþ êîìáèíàöèþ, ðàâíóþ íóëþ:


�EMBED Equation.2���, ÷.ò.ä.


Ñïðàâåäëèâû óòâåðæäåíèÿ:


1. Åñëè ñðåäè ýëåìåíòîâ ai èìååòñÿ íóëåâîé ýëåìåíò, òî ýòè ýëåìåíòû ëèíåéíî çàâèñèìû.


2. Åñëè ÷àñòü ýëåìåíòîâ ai ëèíåéíî çàâèñèìû, òî è âñå ýëåìåíòû ai ëèíåéíî çàâèñèìû.


Áàçèñ è êîîðäèíàòû


Óïîðÿäî÷åííûé íàáîð ëèíåéíî íåçàâèñèìûõ ýëåìåíòîâ e1, e2, ..., en ïðîñòðàíñòâà L íàçûâàåòñÿ áàçèñîì, åñëè äëÿ êàæäîãî ýëåìåíòà x ïðîñòðàíñòâà L íàéäóòñÿ ÷èñëà x1, x2, ..., xn, òàêèå, ÷òî


�EMBED Equation.2���.


Ïîñëåäíåå ðàâåíñòâî íàçûâàþò ðàçëîæåíèåì ýëåìåíòà x ïî áàçèñó e1, e2, ..., en. ×èñëà x1, x2, ..., xn íàçûâàþò êîîðäèíàòàìè ýëåìåíòà x â áàçèñå e1, e2, ..., en. Çàïèñûâàþò:


�EMBED Equation.2���,


èëè:


�EMBED Equation.2���, �EMBED Equation.2���.


Òåîðåìà. Êàæäûé ýëåìåíò x ëèíåéíîãî ïðîñòðàíñòâà ìîæåò áûòü ðàçëîæåí ïî áàçèñó åäèíñòâåííûì îáðàçîì.


Äîêàçàòåëüñòâî. Ïóñòü íàðÿäó ñ ðàçëîæåíèåì


�EMBED Equation.2���


ñóùåñòâóåò äðóãîå ðàçëîæåíèå


�EMBED Equation.2���.


Âû÷èòàÿ âòîðîå ðàçëîæåíèå èç ïåðâîãî è ìåíÿÿ ïîðÿäîê ñóììèðîâàíèÿ, ïîëó÷èì:


�EMBED Equation.2���.


Áàçèñíûå ýëåìåíòû e1, e2, ..., en ëèíåéíî íåçàâèñèìû. Ïîýòîìó èõ íóëåâàÿ ëèíåéíàÿ êîìáèíàöèÿ âîçìîæíà òîëüêî ïðè íóëåâûõ êîýôôèöèåíòàõ:


�EMBED Equation.2���, �EMBED Equation.2���, �EMBED Equation.2���, ÷.ò.ä.


Òåîðåìà. Ïðè ñëîæåíèè äâóõ ëþáûõ ýëåìåíòîâ ëèíåéíîãî ïðîñòðàíñòâà èõ êîîðäèíàòû ñêëàäûâàþòñÿ. Ïðè óìíîæåíèè ëþáîãî ýëåìåíòà íà ÷èñëî l âñå êîîðäèíàòû ýòîãî ýëåìåíòà óìíîæàþòñÿ íà l.


Äîêàçàòåëüñòâî. Ïóñòü �EMBED Equation.2���, �EMBED Equation.2���, �EMBED Equation.2���. Â ñèëó àêñèîì 1...8 ëèíåéíîãî ïðîñòðàíñòâà è ñ ó÷åòîì åäèíñòâåííîñòè ðàçëîæåíèÿ ïîëó÷èì:


�EMBED Equation.2���, ÷.ò.ä.;


�EMBED Equation.2���, ÷.ò.ä.


Ëèíåéíîå ïðîñòðàíñòâî L íàçûâàåòñÿ n-ìåðíûì, åñëè â íåì ìîæíî âûäåëèòü n ëèíåéíî íåçàâèñèìûõ ýëåìåíòîâ, íî ëþáûå n+1 ýëåìåíòîâ ëèíåéíî çàâèñèìû. Ïðè ýòîì ÷èñëî n íàçûâàåòñÿ ðàçìåðíîñòüþ ïðîñòðàíñòâà L. Ëèíåéíîå ïðîñòðàíñòâî íàçûâàþò áåñêîíå÷íîìåðíûì, åñëè â íåì ìîæíî âûäåëèòü ëþáîå ÷èñëî ëèíåéíî íåçàâèñèìûõ ýëåìåíòîâ.


Òåîðåìà. Åñëè ðàçìåðíîñòü ëèíåéíîãî ïðîñòðàíñòâà ðàâíà n, òî ëþáûå n ëèíåéíî íåçàâèñèìûõ ýëåìåíòîâ ýòîãî ïðîñòðàíñòâà îáðàçóþò áàçèñ. Åñëè ëèíåéíîå ïðîñòðàíñòâî èìååò áàçèñ, ñîñòîÿùèé èç n ýëåìåíòîâ, òî ðàçìåðíîñòü ïðîñòðàíñòâà ðàâíà n.


Ìàòðèöà


Ìàòðèöåé ðàçìåðà m(n íàçûâàåòñÿ ïðÿìîóãîëüíàÿ òàáëèöà ÷èñåë, ñîäåðæàùàÿ m ñòðîê è n ñòîëáöîâ:


�EMBED Equation.2���,


èëè, â ñîêðàùåííîé çàïèñè:


�EMBED Equation.2���.


×èñëà aij íàçûâàþòñÿ ýëåìåíòàìè ìàòðèöû. Èíäåêñû i, j îçíà÷àþò ÷òî ýëåìåíò ðàñïîëîæåí íà ïåðåñå÷åíèè ñòðîêè ñ íîìåðîì i è ñòîëáöà ñ íîìåðîì j.


Åñëè âñå ýëåìåíòû ìàòðèöû ðàâíû íóëþ, òî ìàòðèöà íàçûâàåòñÿ íóëåâîé.


Åñëè m=n, òî ìàòðèöà íàçûâàåòñÿ êâàäðàòíîé, à ÷èñëî n íàçûâàåòñÿ ïîðÿäêîì ìàòðèöû. Ìàòðèöà ðàçìåðà m(1 íàçûâàåòñÿ âåêòîð-ñòîëáöîì, ìàòðèöà ðàçìåðà 1(n íàçûâàåòñÿ âåêòîð-ñòðîêîé. Ãëàâíîé äèàãîíàëüþ ìàòðèöû íàçûâàåòñÿ äèàãîíàëü, íà êîòîðîé íàõîäÿòñÿ ýëåìåíòû ñ îäèíàêîâûìè èíäåêñàìè. Äðóãàÿ äèàãîíàëü íàçûâàåòñÿ ïîáî÷íîé. Ýëåìåíòû ãëàâíîé äèàãîíàëè íàçûâàþòñÿ äèàãîíàëüíûìè, âñå îñòàëüíûå ýëåìåíòû — âíåäèàãîíàëüíûìè.


Ìàòðèöà íàçûâàåòñÿ äèàãîíàëüíîé, åñëè âñå åå âíåäèàãîíàëüíûå ýëåìåíòû ðàâíû íóëþ. Åñëè âñå äèàãîíàëüíûå ýëåìåíòû êâàäðàòíîé äèàãîíàëüíîé ìàòðèöû ðàâíû åäèíèöå, òî ìàòðèöà íàçûâàåòñÿ åäèíè÷íîé:


�EMBED Equation.2���.


Åñëè â ìàòðèöå ðàâíû íóëþ âñå ýëåìåíòû, ðàñïîëîæåííûå íèæå ãëàâíîé äèàãîíàëè


�EMBED Equation.2��� ïðè �EMBED Equation.2���,


òî ìàòðèöà íàçûâàåòñÿ âåðõíåé (èíà÷å, ïðàâîé) òðåóãîëüíîé. Åñëè â ìàòðèöå ðàâíû íóëþ âñå ýëåìåíòû, ðàñïîëîæåííûå âûøå ãëàâíîé äèàãîíàëè


�EMBED Equation.2��� ïðè �EMBED Equation.2���,


òî ìàòðèöà íàçûâàåòñÿ íèæíåé (èíà÷å, ëåâîé) òðåóãîëüíîé. Äèàãîíàëüíàÿ ìàòðèöà ÿâëÿåòñÿ îäíîâðåìåííî âåðõíåé è íèæíåé òðåóãîëüíîé.


Çàìåíà ñòðîê ñòîëáöàìè íàçûâàåòñÿ òðàíñïîíèðîâàíèåì ìàòðèöû:


�EMBED Equation.2���.


Ìíîãèå ñâîéñòâà ìàòðèö, ñôîðìóëèðîâàííûå äëÿ ñòîëáöîâ, âåðíû è äëÿ ñòðîê; ñòîëáöû è ñòðîêè íàçûâàþò ðÿäàìè ìàòðèöû.


Àëãåáðà ìàòðèö


Äâà ìàòðèöû �EMBED Equation.2��� è �EMBED Equation.2��� îäèíàêîâûõ ðàçìåðîâ m(n ñ÷èòàþòñÿ ðàâíûìè, åñëè ðàâíû âñå èõ ñîîòâåòñòâóþùèå ýëåìåíòû:


�EMBED Equation.2���, �EMBED Equation.2���, �EMBED Equation.2���.


Çàìå÷àíèå 1.5.1. Ïîäîáíîå «ïîýëåìåíòíîå» îïðåäåëåíèå ïðèâîäèò ê òîìó, ÷òî äëÿ îòíîøåíèÿ ðàâåíñòâà ìàòðèö âûïîëíÿþòñÿ âñå ñâîéñòâà îòíîøåíèÿ ðàâåíñòâà èõ ýëåìåíòîâ. Ïîýòîìó îòíîøåíèå ðàâåíñòâà ÷èñëîâûõ ìàòðèö åñòü îòíîøåíèå ýêâèâàëåíòíîñòè.


Ñóììîé äâóõ ìàòðèö A è B îäèíàêîâûõ ðàçìåðîâ m(n íàçûâàåòñÿ ìàòðèöà C òîãî æå ðàçìåðà, ýëåìåíòû êîòîðîé ðàâíû ñóììàì ñîîòâåòñòâóþùèõ ýëåìåíòîâ ìàòðèö A è B:


�EMBED Equation.2���, �EMBED Equation.2���, �EMBED Equation.2���.


Ïðîèçâåäåíèåì ìàòðèöû A íà ÷èñëî l íàçûâàåòñÿ ìàòðèöà C, ýëåìåíòû êîòîðîé ðàâíû ïðîèçâåäåíèÿì ÷èñëà l íà ýëåìåíòû ìàòðèöû A:


�EMBED Equation.2���, �EMBED Equation.2���, �EMBED Equation.2���.


Íåòðóäíî ïðîâåðèòü, ÷òî äëÿ «ïîýëåìåíòíûõ» îïåðàöèé ñëîæåíèÿ è óìíîæåíèÿ íà ÷èñëî âûïîëíÿþòñÿ âñå âîñåìü àêñèîì ëèíåéíîãî ïðîñòðàíñòâà. Ïîýòîìó ìíîæåñòâî âñåõ ìàòðèö ðàçìåðà m(n åñòü ëèíåéíîå ïðîñòðàíñòâî. Íóëåì â ýòîì ïðîñòðàíñòâå ÿâëÿåòñÿ íóëü-ìàòðèöà. Ìàòðèöåé, ïðîòèâîïîëîæíîé ìàòðèöå A ïî ñëîæåíèþ, ÿâëÿåòñÿ ìàòðèöà �EMBED Equation.2���.


Ïóñòü äàíû ìàòðèöà A ðàçìåðà m(p è ìàòðèöà B ðàçìåðà p(n. Ïðîèçâåäåíèåì ìàòðèö A è B íàçûâàåòñÿ ìàòðèöà C ðàçìåðà m(n, ýëåìåíòû cij êîòîðîé ðàâíû ñóììàì ïðîèçâåäåíèé ñîîòâåòñòâóþùèõ ýëåìåíòîâ i-é ñòðîêè ìàòðèöû A è j-ãî ñòîëáöà ìàòðèöû B:


�EMBED Equation.2���, �EMBED Equation.2���, �EMBED Equation.2���.


Ïðèìåð: ïðîèçâåäåíèå ìàòðèö �EMBED Equation.2��� è �EMBED Equation.2���.


Â ïåðâîì ñîìíîæèòåëå äâå ñòðîêè, ïîýòîìó ïðîèçâåäåíèå òàêæå èìååò äâå ñòðîêè. Âî âòîðîì ñîìíîæèòåëå äâà ñòîëáöà, ïîýòîìó ïðîèçâåäåíèå òàêæå èìååò äâà ñòîëáöà. Êàæäûé ýëåìåíò ïðîèçâåäåíèÿ åñòü ñóììà èç òðåõ ñëàãàåìûõ (÷èñëî ñòîëáöîâ â ïåðâîì ñîìíîæèòåëå, ðàâíîå ÷èñëó ñòðîê âî âòîðîì):


�EMBED Equation.2���


�EMBED Equation.2���.


Çàìå÷àíèå 1.5.2. Ïîäîáíîå, «íåïîýëåìåíòíîå», îïðåäåëåíèå îïåðàöèè óìíîæåíèÿ ìàòðèö ñâÿçàíî ñ òåì, ÷òî ìàòðèöû èñïîëüçóþò äëÿ ïðåäñòàâëåíèÿ ïðåîáðàçîâàíèé îïðåäåëåííîãî âèäà – ò.í. ëèíåéíûõ ïðåîáðàçîâàíèé. Ïðè ýòîì ðåçóëüòàò äâóõ ïîñëåäîâàòåëüíûõ ïðåîáðàçîâàíèé, ïðåäñòàâëåííûõ ìàòðèöàìè A è B, ÿâëÿåòñÿ ïðåîáðàçîâàíèåì, ïðåäñòàâëåííûì ïðîèçâåäåíèåì AB (èëè, â çàâèñèìîñòè îò íîòàöèè, BA).


Çàìå÷àíèå 1.5.3. Èç îïðåäåëåíèÿ ñëåäóåò, ÷òî óìíîæàòü ìîæíî íå ëþáûå ìàòðèöû, íî òîëüêî òàêèå, äëÿ êîòîðûõ ÷èñëî ñòîëáöîâ â ïåðâîì ìíîæèòåëå ñîâïàäàåò ñ ÷èñëîì ñòðîê âî âòîðîì. Â ÷àñòíîñòè, ìîæíî óìíîæàòü äâå êâàäðàòíûå ìàòðèöû îäíîãî ïîðÿäêà; ïðè ýòîì ðåçóëüòàò ÿâëÿåòñÿ ìàòðèöåé òîãî æå ïîðÿäêà.


Çàìå÷àíèå 1.5.4. Íåòðóäíî óáåäèòñÿ, ÷òî óìíîæåíèå ìàòðèö íåêîììóòàòèâíî: ïåðåñòàíîâêà ñîìíîæèòåëåé â îáùåì ñëó÷àå ìåíÿåò ïðîèçâåäåíèå.


Äëÿ îïåðàöèè óìíîæåíèÿ ìàòðèö âûïîëíÿþòñÿ ñâîéñòâà:


1. �EMBED Equation.2��� (óìíîæåíèå ìàòðèö àññîöèàòèâíî).


2. �EMBED Equation.2���; �EMBED Equation.2��� (óìíîæåíèå äèñòðèáóòèâíî îòíîñèòåëüíî ñëîæåíèÿ).


3. �EMBED Equation.2���.


4. �EMBED Equation.2���.


5. �EMBED Equation.2���.


6. Åñëè A - êâàäðàòíàÿ ìàòðèöà, òî �EMBED Equation.2���.


Îïðåäåëèòåëü


Âàæíåéøåé ñêàëÿðíîé õàðàêòåðèñòèêîé êâàäðàòíîé ìàòðèöû ÿâëÿåòñÿ îïðåäåëèòåëü (äåòåðìèíàíò), êîòîðûé ìîæíî ïîíèìàòü êàê «ìåðó ëèíåéíîé çàâèñèìîñòè» ïàðàëëåëüíûõ ðÿäîâ ìàòðèöû. Ìàòðèöà íàçûâàåòñÿ âûðîæäåííîé (èíà÷å – ñèíãóëÿðíîé, èëè îñîáåííîé), åñëè åå îïðåäåëèòåëü ðàâåí íóëþ.


Îïðåäåëèòåëü ìàòðèöû ïåðâîãî ïîðÿäêà, ñîñòîÿùåé èç îäíîãî ýëåìåíòà, ïî îïðåäåëåíèþ ðàâåí ýòîìó ýëåìåíòó:


�EMBED Equation.2���.


Äëÿ âû÷èñëåíèÿ îïðåäåëèòåëåé îò âòîðîãî ïîðÿäêà è âûøå èñïîëüçóåòñÿ ðåêóððåíòíîå ñîîòíîøåíèå, ñâîäÿùåå âû÷èñëåíèå îïðåäåëèòåëÿ ïîðÿäêà n ê âû÷èñëåíèþ n îïðåäåëèòåëåé ïîðÿäêà n–1.


Ïóñòü äàíà ìàòðèöà n-ãî ïîðÿäêà:


�EMBED Equation.2���.


Åñëè â ìàòðèöå A âû÷åðêíóòü i-þ ñòðîêó è j-é ñòîëáåö, òî îñòàíåòñÿ ìàòðèöà n–1-ãî ïîðÿäêà, îïðåäåëèòåëü êîòîðîé íàçûâàåòñÿ ìèíîðîì Mij ýëåìåíòà aij.


Àëãåáðàè÷åñêèì äîïîëíåíèåì Aij ýëåìåíòà aij íàçûâàåòñÿ ìèíîð, âçÿòûé ñî çíàêîì «+» èëè «–» â çàâèñèìîñòè îò òîãî, áóäåò ëè ñóììà èíäåêñîâ i+j ÷åòíîé èëè íå÷åòíîé:


�EMBED Equation.2���.


Îïðåäåëèòåëü n-ãî ïîðÿäêà ìîæåò áûòü íàéäåí êàê ñóììà ïðîèçâåäåíèé ýëåìåíòîâ ëþáîãî ðÿäà íà èõ àëãåáðàè÷åñêèå äîïîëíåíèÿ:


�EMBED Equation.2���,	�EMBED Equation.2���.


Ïîñëåäíåå ñîîòíîøåíèå íàçûâàåòñÿ ðàçëîæåíèåì îïðåäåëèòåëÿ ïî k�ìó ñòîëáöó èëè k-é ñòðîêå. Ïðàêòè÷åñêè ðàçëîæåíèå óäîáíî âåñòè ïî ðÿäó, ñîäåðæàùåìó íàèáîëüøåå êîëè÷åñòâî íóëåâûõ ýëåìåíòîâ.


Îïðåäåëèòåëü ìàòðèöû âòîðîãî ïîðÿäêà ðàâåí


�EMBED Equation.2���;


îò âû÷èñëÿåòñÿ êàê ðàçíîñòü ïðîèçâåäåíèé ýëåìåíòîâ ãëàâíîé è ïîáî÷íîé äèàãîíàëåé.


Îïðåäåëèòåëü ìàòðèöû òðåòüåãî ïîðÿäêà:


�EMBED Equation.2���


�EMBED Equation.2���


�EMBED Equation.2���


�EMBED Equation.2���.


Ïîðÿäîê ñîìíîæèòåëåé â ïðàâîé ÷àñòè âûðàæàåòñÿ ïðàâèëîì Ñàððþñà. Ïåðâîå ñëàãàåìîå åñòü ïðîèçâåäåíèå ýëåìåíòîâ ãëàâíîé äèàãîíàëè. Âî âòîðîì è òðåòüåì ñëàãàåìûõ äâà ñîìíîæèòåëÿ áåðóòñÿ «ïàðàëëåëüíî» ãëàâíîé äèàãîíàëè, à òðåòèé ïî îòíîøåíèþ ê íèì ÿâëÿåòñÿ óãëîâûì. ×åòâåðòîå ñëàãàåìîå åñòü ïðîèçâåäåíèå ýëåìåíòîâ ïîáî÷íîé äèàãîíàëè; â ïÿòîì è øåñòîì ñëàãàåìûõ äâà ñîìíîæèòåëÿ áåðóòñÿ «ïàðàëëåëüíî» ïîáî÷íîé äèàãîíàëè, à òðåòèé ïî îòíîøåíèþ ê íèì ÿâëÿåòñÿ óãëîâûì.


Âû÷èñëèì îïðåäåëèòåëü òðåòüåãî ïîðÿäêà, ïîëüçóÿñü ïðàâèëîì Ñàððþñà:


�EMBED Equation.2���


�EMBED Equation.2���.


Ýòîò îïðåäåëèòåëü ìîæíî âû÷èñëèòü èíà÷å (âñåãî èìååòñÿ øåñòü ñïîñîáîâ ðàçëîæåíèÿ: ïî êàæäîé èç òðåõ ñòðîê è ïî êàæäîìó èç òðåõ ñòîëáöîâ). Íàïðèìåð, âûïîëíÿÿ ðàçëîæåíèå ïî âòîðîìó ñòîëáöó:


�EMBED Equation.2���


�EMBED Equation.2���.


Ñâîéñòâà îïðåäåëèòåëåé


1. Îïðåäåëèòåëü íå ìåíÿåòñÿ ïðè òðàíñïîíèðîâàíèè: �EMBED Equation.2���.


Äëÿ äîêàçàòåëüñòâà äîñòàòî÷íî ðàçëîæèòü îïðåäåëèòåëü ìàòðèöû A ïî k�é ñòðîêå, ðàçëîæèòü îïðåäåëèòåëü ìàòðèöû AT ïî k-ìó ñòîëáöó è ñðàâíèòü ïîëó÷åííûå ðàçëîæåíèÿ.


2. Îïðåäåëèòåëü ïðîèçâåäåíèÿ ìàòðèö ðàâåí ïðîèçâåäåíèþ èõ îïðåäåëèòåëåé:


�EMBED Equation.2���.


3. Îáùèé ìíîæèòåëü ýëåìåíòîâ êàêîãî-ëèáî ðÿäà ìîæíî âûíåñòè çà çíàê îïðåäåëèòåëÿ.


Äîêàçàòåëüñòâî. Ïóñòü ýëåìåíòû k-é ñòðîêè èìåþò âèä �EMBED Equation.2���. Ðàñêëàäûâàÿ îïðåäåëèòåëü ïî k-é ñòðîêå, ïîëó÷èì:


�EMBED Equation.2���, ÷.ò.ä.


4. Îïðåäåëèòåëü íå èçìåíèòñÿ, åñëè ê ëþáîìó åãî ðÿäó ïðèáàâèòü ëèíåéíóþ êîìáèíàöèþ ëþáûõ äðóãèõ ïàðàëëåëüíûõ ðÿäîâ (ò.í. ëèíåéíîå ñâîéñòâî îïðåäåëèòåëÿ). Â ÷àñòíîñòè:


4à. Ïðè ïåðåñòàíîâêå äâóõ ëþáûõ ïàðàëëåëüíûõ ðÿäîâ îïðåäåëèòåëü ìåíÿåò çíàê. 


4á. Ê ëþáîìó ðÿäó îïðåäåëèòåëÿ ìîæíî ïðèáàâèòü ñîîòâåòñòâóþùèå ýëåìåíòû äðóãîãî ïàðàëëåëüíîãî ðÿäà, óìíîæåííûå íà îäíî è òî æå ÷èñëî:


4â. Åñëè êàêîé-ëèáî ðÿä îïðåäåëèòåëÿ ÿâëÿåòñÿ ëèíåéíîé êîìáèíàöèåé äðóãèõ ðÿäîâ, òî îïðåäåëèòåëü ðàâåí íóëþ. Â ÷àñòíîñòè, ðàâíûì íóëþ îêàçûâàåòñÿ îïðåäåëèòåëü ñ ïðîïîðöèîíàëüíûìè èëè ðàâíûìè ýëåìåíòàìè â ïàðàëëåëüíûõ ðÿäàõ. Ðàâåí íóëþ òàêæå îïðåäåëèòåëü, ñîäåðæàùèé ðÿä èç íóëåé.


5. Ñóììà ïðîèçâåäåíèé ýëåìåíòîâ ëþáîãî ðÿäà îïðåäåëèòåëÿ íà àëãåáðàè÷åñêèå äîïîëíåíèÿ ýëåìåíòîâ ëþáîãî äðóãîãî ïàðàëëåëüíîãî ðÿäà ðàâíà íóëþ.


Äîêàçàòåëüñòâî ñâîéñòâà 5 äîñòàòî÷íî ïðîâåñòè äëÿ ñòðîê. Ðàñêëàäûâàÿ îïðåäåëèòåëü ïî k-é ñòðîêå, ïîëó÷èì:


�EMBED Equation.2���.


Òàê êàê àëãåáðàè÷åñêèå äîïîëíåíèÿ Akj íå çàâèñÿò îò ýëåìåíòîâ k-é ñòðîêè, òî ðàâåíñòâî ñîõðàíèòñÿ ïðè çàìåíå (â ëåâîé è ïðàâîé ÷àñòÿõ) âñåõ ÷èñåë akj ëþáûìè äðóãèìè n ÷èñëàìè. Çàìåíÿÿ akj ñîîòâåòñòâóþùèìè ýëåìåíòàìè s-é ñòðîêè (�EMBED Equation.2���), ïîëó÷èì â ëåâîé ÷àñòè îïðåäåëèòåëü ñ äâóìÿ ñîâïàäàþùèìè ñòðîêàìè


�EMBED Equation.2���.


Íî òàêîé îïðåäåëèòåëü â ñèëó ñâîéñòâà 4â ðàâåí íóëþ:


�EMBED Equation.2���, ÷.ò.ä.


6. Îïðåäåëèòåëü òðåóãîëüíîé ìàòðèöû ðàâåí ïðîèçâåäåíèþ äèàãîíàëüíûõ ýëåìåíòîâ. Â ÷àñòíîñòè, îïðåäåëèòåëü åäèíè÷íîé ìàòðèöû ðàâåí åäèíèöå.


Äîêàçàòåëüñòâî ñâîéñòâà 6 äîñòàòî÷íî ïðîâåñòè äëÿ âåðõíåé òðåóãîëüíîé ìàòðèöû. Ðàñêëàäûâàÿ îïðåäåëèòåëü ïî ïåðâîìó ñòîëáöó, ïîëó÷èì


�EMBED Equation.2���.


Îïðåäåëèòåëü â ïðàâîé ÷àñòè âíîâü ðàçëîæèì ïî ïåðâîìó ñòîëáöó:


�EMBED Equation.2���.


Âûïîëíèâ ðàçëîæåíèå n-1 ðàç, ïîëó÷èì


�EMBED Equation.2���, ÷.ò.ä.


Èçëîæåííûå ñâîéñòâà ïîçâîëÿþò óñêîðèòü âû÷èñëåíèå îïðåäåëèòåëåé. Íàèáîëåå ïîëåçíûìè îêàçûâàþòñÿ ñâîéñòâà 4 è 6, ñîâìåñòíîå ïðèìåíåíèå êîòîðûõ ïðèâîäèò ê ìåòîäó èç ãðóïïû ìåòîäîâ Ãàóññà.


Ïóñòü, íàïðèìåð, òðåáóåòñÿ âû÷èñëèòü îïðåäåëèòåëü:


�EMBED Equation.2���.


Ïðèáàâèì ê ýëåìåíòàì âòîðîé ñòðîêè ñîîòâåòñòâóþùèå ýëåìåíòû ïåðâîé ñòðîêè, óìíîæåííûå íà -2; ïðèáàâèì ê ýëåìåíòàì òðåòüåé ñòðîêè ýëåìåíòû ïåðâîé ñòðîêè, óìíîæåííûå íà -1. Ïîëó÷èì:


�EMBED Equation.2���.


Äëÿ ïðèâåäåíèÿ îïðåäåëèòåëÿ ê âåðõíåìó òðåóãîëüíîìó âèäó íåîáõîäèìî èñêëþ÷èòü ýëåìåíò a32. Äëÿ ýòîãî ìîæíî áûëî áû çàìåíèòü òðåòüþ ñòðîêó ñóììîé åå ñî âòîðîé ñòðîêîé, óìíîæåííîé íà �EMBED Equation.2���; îäíàêî ýòî ïðèâîäèò ê ïîÿâëåíèþ äðîáíûõ çíà÷åíèé. Ïîýòîìó, ïîëüçóÿñü ñâîéñòâîì 4à, èçìåíèì ïîðÿäîê ñòîëáöîâ:


�EMBED Equation.2���.


Ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé


Ñèñòåìîé n ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ñ n íåèçâåñòíûìè (ñèñòåìîé n-ãî ïîðÿäêà) íàçûâàåòñÿ ñèñòåìà âèäà:


�EMBED Equation.2���,


èëè, â ñîêðàùåííîé çàïèñè:


�EMBED Equation.2���, �EMBED Equation.2���.


Çäåñü aij - êîýôôèöèåíò ïðè j-ì íåèçâåñòíîì â i-ì óðàâíåíèè, bi - ñâîáîäíûé ÷ëåí â i-ì óðàâíåíèè. Ìàòðèöåé êîýôôèöèåíòîâ, èëè îñíîâíîé ìàòðèöåé ñèñòåìû íàçûâàåòñÿ ìàòðèöà:


�EMBED Equation.2���.


Âåêòîð-ñòîëáöû:


�EMBED Equation.2���, �EMBED Equation.2���


íîñÿò íàçâàíèå âåêòîð-ñòîëáöà íåèçâåñòíûõ è âåêòîð-ñòîëáöà ñâîáîäíûõ ÷ëåíîâ. Èç îïðåäåëåíèÿ îïåðàöèè óìíîæåíèÿ ìàòðèö ñëåäóåò, ÷òî èñõîäíàÿ ñèñòåìà ìîæåò áûòü çàïèñàíà â âèäå ìàòðè÷íîãî óðàâíåíèÿ:


�EMBED Equation.2���.


Ðåøåíèåì ñèñòåìû íàçûâàåòñÿ âåêòîð X, îáðàùàþùèé âñå óðàâíåíèÿ ñèñòåìû â òîæäåñòâà. Ñèñòåìà íàçûâàåòñÿ ñîâìåñòíîé, åñëè îíà èìååò õîòÿ áû îäíî ðåøåíèå, è íåñîâìåñòíîé, åñëè îíà íå èìååò ðåøåíèé. Ñîâìåñòíàÿ ñèñòåìà íàçûâàåòñÿ îïðåäåëåííîé, åñëè îíà èìååò åäèíñòâåííîå ðåøåíèå, è íåîïðåäåëåííîé, åñëè îíà èìååò áîëåå îäíîãî ðåøåíèÿ.


Ñèñòåìà íàçûâàåòñÿ ñèñòåìîé ëèíåéíûõ îäíîðîäíûõ óðàâíåíèé, åñëè â íåé âñå ñâîáîäíûå ÷ëåíû ðàâíû íóëþ:


�EMBED Equation.2���, �EMBED Equation.2���.


Ñèñòåìà ëèíåéíûõ îäíîðîäíûõ óðàâíåíèé âñåãäà ñîâìåñòíà (îäíèì èç åå ðåøåíèé ÿâëÿåòñÿ íóëü-âåêòîð �EMBED Equation.2���).


Ïîñòðîåíèå è àíàëèç ìåòîäîâ ðåøåíèÿ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé – îäíà èç çàäà÷ ëèíåéíîé àëãåáðû. Âñå ìåòîäû ðåøåíèÿ ìîæíî ðàçäåëèòü íà òðè ãðóïïû:


1. Ïðÿìûå ìåòîäû, ïîçâîëÿþùèå ïîëó÷èòü òî÷íîå ðåøåíèå ïîñëå êîíå÷íîãî ÷èñëà àðèôìåòè÷åñêèõ è ëîãè÷åñêèõ îïåðàöèé. Ïðÿìûå ìåòîäû ïðèìåíÿþòñÿ â òîì ñëó÷àå, åñëè ïîðÿäîê ñèñòåìû íåâåëèê (äî 103), èëè æå åñëè ìàòðèöà êîýôôèöèåíòîâ èìååò ñïåöèàëüíûé âèä (íàïðèìåð, êîãäà íåíóëåâûå ýëåìåíòû ðàñïîëîæåíû ëèøü âáëèçè ãëàâíîé äèàãîíàëè).


2. Èòåðàöèîííûå ìåòîäû, ïîçâîëÿþùèå ïîñëå êîíå÷íîãî ÷èñëà îïåðàöèé ïîëó÷èòü ëèøü ïðèáëèæåííîå ðåøåíèå (äëÿ ïîëó÷åíèÿ òî÷íîãî ðåøåíèÿ òðåáóåòñÿ âûïîëíèòü áåñêîíå÷íîå ÷èñëî îïåðàöèé). Èòåðàöèîííûå ìåòîäû îáû÷íî ïðèìåíÿþò äëÿ ðåøåíèÿ ñèñòåì âûñîêîãî ïîðÿäêà (�EMBED Equation.2���).


3. Âåðîÿòíîñòíûå ìåòîäû. Äàííûå ìåòîäû ïîçâîëÿþò ïîëó÷èòü ãðóáóþ îöåíêó ðåøåíèÿ äëÿ ñèñòåì âûñîêîãî ïîðÿäêà (�EMBED Equation.2���).


Ôîðìóëû Êðàìåðà


Èñïîëüçóÿ òåîðèþ îïðåäåëèòåëåé, ìîæíî ïðèéòè ê ïðÿìîìó ìåòîäó ðåøåíèÿ ñèñòåì ëèíåéíûõ óðàâíåíèé, íàçûâàåìîìó ìåòîäîì Êðàìåðà.


Äëÿ íàõîæäåíèÿ ðåøåíèÿ �EMBED Equation.2��� óìíîæèì i-å óðàâíåíèå ñèñòåìû íà àëãåáðàè÷åñêîå äîïîëíåíèå Aik ýëåìåíòà aik ìàòðèöû êîýôôèöèåíòîâ è ñëîæèì ïîëó÷åííûå óðàâíåíèÿ:


�EMBED Equation.2���,


÷òî ïîñëå èçìåíåíèÿ ïîðÿäêà ñóììèðîâàíèÿ äàåò


�EMBED Equation.2���.


Òàê êàê ñóììà ïðîèçâåäåíèé ýëåìåíòîâ ëþáîãî ðÿäà îïðåäåëèòåëÿ íà àëãåáðàè÷åñêèå äîïîëíåíèÿ ýëåìåíòîâ ëþáîãî äðóãîãî ïàðàëëåëüíîãî ðÿäà ðàâíà íóëþ, òî ñðåäè âñåõ n âíóòðåííèõ ñóìì â ëåâîé ÷àñòè òîëüêî îäíà –ñîîòâåòñòâóþùàÿ �EMBED Equation.2��� – áóäåò íå ðàâíà íóëþ. Ñëåäîâàòåëüíî:


�EMBED Equation.2���.


Ñóììà â ëåâîé ÷àñòè ïðè ëþáîì �EMBED Equation.2��� ðàâíà îïðåäåëèòåëþ ìàòðèöû êîýôôèöèåíòîâ èñõîäíîé ñèñòåìû: �EMBED Equation.2���. Ñóììà â ïðàâîé ÷àñòè ðàâíà îïðåäåëèòåëþ ìàòðèöû, ïîëó÷åííîé èç ìàòðèöû êîýôôèöèåíòîâ çàìåíîé k-ãî ñòîëáöà íà ñòîëáåö ñâîáîäíûõ ÷ëåíîâ:


�EMBED Equation.2���.


Îêîí÷àòåëüíî:


�EMBED Equation.2���, �EMBED Equation.2���.


Ïîñëåäíèå ñîîòíîøåíèÿ íàçûâàþòñÿ ôîðìóëàìè Êðàìåðà.


Åñëè îïðåäåëèòåëü D ìàòðèöû êîýôôèöèåíòîâ îòëè÷åí îò íóëÿ, òî ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå:


�EMBED Equation.2���, �EMBED Equation.2���.


Åñëè îïðåäåëèòåëü ìàòðèöû êîýôôèöèåíòîâ ðàâåí íóëþ, òî ñèñòåìà ìîæåò áûòü ëèáî íåñîâìåñòíîé (åñëè õîòÿ áû îäèí èç îïðåäåëèòåëåé �EMBED Equation.2���), ëèáî íåîïðåäåëåííîé (åñëè âñå �EMBED Equation.2���).


Çàìå÷àíèå 1.9.1. Îäíîðîäíàÿ ñèñòåìà ëèíåéíûõ óðàâíåíèé âñåãäà ñîâìåñòíà. Ïîýòîìó åñëè åå îñíîâíîé îïðåäåëèòåëü ðàâåí íóëþ, òî ñèñòåìà èìååò áåñêîíå÷íî ìíîãî íåíóëåâûõ ðåøåíèé.


Ïóñòü, íàïðèìåð, òðåáóåòñÿ ðåøèòü ñèñòåìó:


�EMBED Equation.2���.


Îñíîâíîé îïðåäåëèòåëü ñèñòåìû áûë âû÷èñëåí âûøå:


�EMBED Equation.2���.


Îí îòëè÷åí îò íóëÿ, ñëåäîâàòåëüíî ñèñòåìà ñîâìåñòíà è îïðåäåëåííà. Íàéäåì åå ðåøåíèå:


�EMBED Equation.2���;


�EMBED Equation.2���;


�EMBED Equation.2���.


Ñëåäîâàòåëüíî:


�EMBED Equation.2���; �EMBED Equation.2���; �EMBED Equation.2���.


Ïîäñòàâëÿÿ íàéäåííîå ðåøåíèå â èñõîäíóþ ñèñòåìó, íåòðóäíî óáåäèòüñÿ â ïðàâèëüíîñòè ïîëó÷åííîãî ðåçóëüòàòà.


Çàìå÷àíèå 1.9.2. Îñíîâíîå çíà÷åíèå ôîðìóë Êðàìåðà ñîñòîèò â òîì, ÷òî îíè ïîçâîëÿþò ÿâíî âûðàçèòü ðåøåíèå ñèñòåìû ÷åðåç êîýôôèöèåíòû óðàâíåíèé è ñâîáîäíûå ÷ëåíû. Ïðàêòè÷åñêîå èñïîëüçîâàíèå ôîðìóë Êðàìåðà ñâÿçàíî ñ ãðîìîçäêèìè âû÷èñëåíèÿìè è ìîæåò ïðèâåñòè ê áîëüøèì îøèáêàì, åñëè âåëè÷èíû îêðóãëÿþòñÿ â ïðîöåññå âû÷èñëåíèé.


Ìåòîä Ãàóññà


Ïðè ôîðìàëüíîì èñïîëüçîâàíèè ìåòîäà Êðàìåðà äëÿ ðåøåíèÿ ñèñòåìû n�ãî ïîðÿäêà íåîáõîäèìî âû÷èñëèòü n+1 îïðåäåëèòåëü n-ãî ïîðÿäêà. Â ñâîþ î÷åðåäü, âû÷èñëåíèå êàæäîãî îïðåäåëèòåëÿ n-ãî ïîðÿäêà ñâîäèòñÿ ê âû÷èñëåíèþ n îïðåäåëèòåëåé n-1-ãî ïîðÿäêà, è ò.ä. Ïîýòîìó äëÿ ðåøåíèÿ ñèñòåìû òðåáóåòñÿ âûïîëíèòü ïîðÿäêà n!n àðèôìåòè÷åñêèõ îïåðàöèé (�EMBED Equation.2���). Óæå ïðè n~102 ýòî ÷èñëî ñòîëü âåëèêî (�EMBED Equation.2���), ÷òî ðåøåíèå ñèñòåìû ñòàíîâèòñÿ ïðàêòè÷åñêè íåâîçìîæíûì.


Ìåòîäû èç ãðóïïû ìåòîäîâ Ãàóññà ñîñòîÿò â ïðèâåäåíèè ìàòðèöû êîýôôèöèåíòîâ ñèñòåìû ê òðåóãîëüíîìó èëè äèàãîíàëüíîìó âèäó, ÷òî âîçìîæíî, åñëè îïðåäåëèòåëü ìàòðèöû êîýôôèöèåíòîâ îòëè÷åí îò íóëÿ.


Ïóñòü äàíà ñèñòåìà ëèíåéíûõ óðàâíåíèé:


�EMBED Equation.2���


ñ ìàòðèöåé êîýôôèöèåíòîâ


�EMBED Equation.2���.


Ìåòîä Ãàóññà â «êëàññè÷åñêîé» ôîðìå ñîñòîèò â ïðåîáðàçîâàíèè èñõîäíîé ñèñòåìû â ñèñòåìó ñ âåðõíåé òðåóãîëüíîé ìàòðèöåé êîýôôèöèåíòîâ (ò.í. ïðÿìîé õîä) è ïîñëåäîâàòåëüíîì îïðåäåëåíèè íåèçâåñòíûõ, íà÷èíàÿ ñ n-ãî (ò.í. îáðàòíûé õîä).


Ïðàêòè÷åñêè âñå ïðåîáðàçîâàíèÿ óäîáíî ïðèìåíÿòü íå ê èñõîäíîé ñèñòåìå, à ê ðàñøèðåííîé ìàòðèöå – ìàòðèöå êîýôôèöèåíòîâ, äîïîëíåííîé ñòîëáöîì ñâîáîäíûõ ÷ëåíîâ:


�EMBED Equation.2���.


Ïåðåñòàíîâêà óðàâíåíèé â ñèñòåìå, óìíîæåíèå ëþáîãî óðàâíåíèÿ íà ëþáîå îòëè÷íîå îò íóëÿ ÷èñëî è çàìåíà ëþáîãî óðàâíåíèÿ ëèíåéíîé êîìáèíàöèåé åãî ñ äðóãèìè óðàâíåíèÿìè íå ìåíÿåò ðåøåíèÿ ñèñòåìû. Ïîýòîìó â ïðîöåññå ïðåîáðàçîâàíèé ðàñøèðåííîé ìàòðèöû ìîæíî ìåíÿòü ìåñòàìè åå ñòðîêè, óìíîæàòü ëþáóþ ñòðîêó íà ëþáîå îòëè÷íîå îò íóëÿ ÷èñëî è çàìåíÿòü ëþáóþ ñòðîêó ëèíåéíîé êîìáèíàöèåé ñ äðóãèìè ñòðîêàìè. Ïîäîáíûå ïðåîáðàçîâàíèÿ íîñÿò íàçâàíèå ðàâíîñèëüíûõ (îíè íå ìåíÿþò ðåøåíèÿ ñèñòåìû) è îáîçíà÷àþòñÿ ñèìâîëîì «~» (ýêâèâàëåíòíî).


Çàìå÷àíèå 1.10.1 Ïåðåìåíà ïîðÿäêà ñòîëáöîâ ðàñøèðåííîé ìàòðèöû òàêæå âîçìîæíà, îäíàêî äîëæíà ñîïðîâîæäàòüñÿ ïåðåíóìåðàöèåé íåèçâåñòíûõ.


Îïðåäåëèòåëü ìàòðèöû êîýôôèöèåíòîâ îòëè÷åí îò íóëÿ, ïîýòîìó áåç îãðàíè÷åíèÿ îáùíîñòè ïîëîæèì �EMBED Equation.2���. Çàìåíèì âòîðóþ ñòðîêó ðàñøèðåííîé ìàòðèöû íà ñóììó åå ñ ïåðâîé ñòðîêîé, óìíîæåííîé íà �EMBED Equation.2���; çàìåíèì òðåòüþ ñòðîêó íà ñóììó åå ñ ïåðâîé ñòðîêîé, óìíîæåííîé íà �EMBED Equation.2���, è ò.ä. Çàìåíèì n-þ ñòðîêó íà ñóììó åå ñ ïåðâîé ñòðîêîé, óìíîæåííîé íà �EMBED Equation.2���. Ïîëó÷èì:


�EMBED Equation.2���.


Âíîâü, íå îãðàíè÷èâàÿ îáùíîñòè ïîëîæèì �EMBED Equation.2���. Çàìåíèì òðåòüþ ñòðîêó íà ñóììó åå ñî âòîðîé ñòðîêîé, óìíîæåííîé íà �EMBED Equation.2���; çàìåíèì ÷åòâåðòóþ ñòðîêó íà ñóììó åå ñî âòîðîé ñòðîêîé, óìíîæåííîé íà �EMBED Equation.2���; è ò.ä. Çàìåíèì n�þ ñòðîêó íà ñóììó åå ñî âòîðîé ñòðîêîé, óìíîæåííîé íà �EMBED Equation.2���. Ïîëó÷èì:


�EMBED Equation.2���.


Âûïîëíèâ â ñîîòâåòñòâèè ñ äàííûì àëãîðèòìîì n-1 øàã, ïðèâåäåì ðàñøèðåííóþ ìàòðèöó ê âåðõíåìó òðåóãîëüíîìó âèäó:


�EMBED Equation.2���.


Ñîîòâåòñòâóþùàÿ äàííîé ìàòðèöå ñèñòåìà ëèíåéíûõ óðàâíåíèé èìååò âèä


�EMBED Equation.2���


è äîïóñêàåò ïîñëåäîâàòåëüíîå îïðåäåëåíèå íåèçâåñòíûõ xn, xn-1, ..., x1. Ïîëîæèì i=n, òîãäà


 �EMBED Equation.2���.


Ïîëàãàÿ çàòåì i=n-1, n-2, ..., 1, ïîëó÷èì:


�EMBED Equation.2���.


Çàìå÷àíèå 1.10.2. Ðåàëèçàöèÿ ìåòîäà Ãàóññà òðåáóåò îêîëî �EMBED Equation.2��� îïåðàöèé. Ïîýòîìó ýòîò ìåòîä, â îòëè÷èå îò ìåòîäà Êðàìåðà, ñîõðàíÿåò ïðèìåíèìîñòü ïðè ðåøåíèè ñèñòåì âûñîêîãî ïîðÿäêà (ïðèìåðíî äî �EMBED Equation.2���).


Ïóñòü, íàïðèìåð, òðåáóåòñÿ ðåøèòü ñèñòåìó ëèíåéíûõ óðàâíåíèé:


�EMBED Equation.2���.


Çàïèøåì ðàñøèðåííóþ ìàòðèöó ñèñòåìû:


�EMBED Equation.2���.


Äëÿ ïðèâåäåíèÿ åå ê òðåóãîëüíîìó âèäó çàìåíèì âòîðóþ ñòðîêó íà ñóììó åå ñ ïåðâîé ñòðîêîé, óìíîæåííîé íà -2; çàìåíèì òðåòüþ ñòðîêó íà ñóììó åå ñî âòîðîé ñòðîêîé, óìíîæåííîé íà -1. Ïîëó÷èì:


�EMBED Equation.2���.


Â ïîëó÷åííîé ìàòðèöå äîñòàòî÷íî ïåðåñòàâèòü âòîðîé è òðåòèé ñòîëáöû (ó÷èòûâàÿ ïðè ýòîì, ÷òî ïîñëåäíèé ñòîëáåö áóäåò ñîîòâåòñòâîâàòü ïåðåìåííîé y, íî íå z). Òîãäà:


�EMBED Equation.2���;


�EMBED Equation.2���, �EMBED Equation.2���, �EMBED Equation.2���;


�EMBED Equation.2���, �EMBED Equation.2���.


Îáðàùåíèå ìàòðèö


Åñëè A - íåâûðîæäåííàÿ ìàòðèöà, òî ñóùåñòâóåò îáðàòíàÿ ìàòðèöà �EMBED Equation.2���, òàêàÿ, ÷òî


�EMBED Equation.2���.


Ïóñòü äàíà íåâûðîæäåííàÿ êâàäðàòíàÿ ìàòðèöà


�EMBED Equation.2���.


Òîãäà


�EMBED Equation.2���,


ãäå A* — ïðèñîåäèíåííàÿ ìàòðèöà, ïîëó÷åííàÿ èç ìàòðèöû A çàìåíîé êàæäîãî ýëåìåíòà åãî àëãåáðàè÷åñêèì äîïîëíåíèåì è ïîñëåäóþùèì òðàíñïîíèðîâàíèåì:


�EMBED Equation.2���.


Äîêàçàòåëüñòâî. Âûïîëíÿÿ óìíîæåíèå, ïîëó÷èì:


�EMBED Equation.2���, �EMBED Equation.2���, �EMBED Equation.2���.


Åñëè i=j, òî ñóììà �EMBED Equation.2��� ÿâëÿåòñÿ ðàçëîæåíèåì îïðåäåëèòåëÿ �EMBED Equation.2��� ïî i�é ñòðîêå:


�EMBED Equation.2���,


ïîýòîìó äèàãîíàëüíûå ýëåìåíòû ïðîèçâåäåíèÿ �EMBED Equation.2��� ðàâíû �EMBED Equation.2���. Åñëè �EMBED Equation.2���, òî ñóììà


�EMBED Equation.2���


êàê ñóììà ïðîèçâåäåíèé ýëåìåíòîâ i-é ñòðîêè íà àëãåáðàè÷åñêèå äîïîëíåíèÿ ýëåìåíòîâ äðóãîé (j-é) ñòðîêè. Ñëåäîâàòåëüíî:


�EMBED Equation.2���.


Àíàëîãè÷íî ïðîâåðÿåòñÿ �EMBED Equation.2���.


Ïóñòü, íàïðèìåð, òðåáóåòñÿ îáðàòèòü ìàòðèöó �EMBED Equation.2���.


Ðåøåíèå öåëåñîîáðàçíî íà÷àòü ñ íàõîæäåíèÿ àëãåáðàè÷åñêèõ äîïîëíåíèé êàæäîãî ýëåìåíòà.


�EMBED Equation.2���; �EMBED Equation.2���; �EMBED Equation.2���;


�EMBED Equation.2���; �EMBED Equation.2���; �EMBED Equation.2���;


�EMBED Equation.2���; �EMBED Equation.2���; �EMBED Equation.2���.


Îïðåäåëèòåëü íàéäåì, âûïîëíÿÿ ðàçëîæåíèå ïî ïåðâîé ñòðîêå:


�EMBED Equation.2���.


Îáðàòíàÿ ìàòðèöà ðàâíà:


�EMBED Equation.2���.


Îáðàùåíèå ìàòðèöû n-ãî ïîðÿäêà â ñîîòâåòñòâèè ñ èçëîæåííûì ïðàâèëîì òðåáóåò âû÷èñëåíèÿ n2 îïðåäåëèòåëåé n-1-ãî ïîðÿäêà, ïîýòîìó ìàòðèöû âûñîêîãî ïîðÿäêà (ïðàêòè÷åñêè, âûøå âòîðîãî) îáðàùàþò ìåòîäàìè èç ãðóïïû ìåòîäîâ Ãàóññà.


Îáðàùåíèå ìàòðèöû n-ãî ïîðÿäêà ñîîòâåòñòâóåò ðåøåíèþ n ñèñòåì ëèíåéíûõ óðàâíåíèé, ïðàâûå ÷àñòè êîòîðûõ îáðàçîâàíû ñòîëáöàìè åäèíè÷íîé ìàòðèöû. Ïîýòîìó äëÿ îáðàùåíèÿ ìàòðèöû A ñîñòàâëÿþò ðàñøèðåííóþ ìàòðèöó, äîïîëíÿÿ A ñïðàâà åäèíè÷íîé ìàòðèöåé:


�EMBED Equation.2���.


Çàòåì ðàâíîñèëüíûìè ïðåîáðàçîâàíèÿìè äîâîäÿò ëåâóþ ÷àñòü äî åäèíè÷íîé ìàòðèöû (î÷åâèäíî, ìåíÿòü ìåñòàìè ñòîëáöû íåëüçÿ). Ïðè ýòîì â ïðàâîé ÷àñòè áóäåò ïîëó÷åíà èñêîìàÿ ìàòðèöà �EMBED Equation.2���.


Îáðàòèì ìàòðèöó ïðåäûäóùåãî ïðèìåðà:


�EMBED Equation.2���


�EMBED Equation.2���


�EMBED Equation.2���; ñëåäîâàòåëüíî �EMBED Equation.2���.





Ïóñòü äàíà ñèñòåìà ëèíåéíûõ óðàâíåíèé:


�EMBED Equation.2���, �EMBED Equation.2���


ñ ìàòðèöåé êîýôôèöèåíòîâ


�EMBED Equation.2���


è âåêòîð-ñòîëáöîì ñâîáîäíûõ ÷ëåíîâ �EMBED Equation.2���. Ñèñòåìà ðàâíîñèëüíà ìàòðè÷íîìó óðàâíåíèþ


AX=B.


Åñëè ìàòðèöà A íåâûðîæäåíà, òî ðåøåíèå ìàòðè÷íîãî óðàâíåíèÿ AX=B ñóùåñòâóåò è åäèíñòâåííî. Îíî ìîæåò áûòü ïîëó÷åíî óìíîæåíèåì îáåèõ ÷àñòåé óðàâíåíèÿ íà A-1:


A-1AX=A-1B; EX=A-1B; X=A-1B.


Ïóñòü, íàïðèìåð, òðåáóåòñÿ ðåøèòü ñèñòåìó


�EMBED Equation.2���.


Ìàòðèöà A-1, îáðàòíàÿ ê ìàòðèöå êîýôôèöèåíòîâ, áûëà íàéäåíà âûøå. Óìíîæàÿ ìàòðèöó A-1 íà âåêòîð-ñòîëáåö ñâîáîäíûõ ÷ëåíîâ, ïîëó÷èì:


�EMBED Equation.2���.


Ñîâìåñòíîñòü è ðåøåíèå ïðîèçâîëüíîé ñèñòåìû ëèíåéíûõ óðàâíåíèé


Ïóñòü â ìàòðèöå A èìååòñÿ íåíóëåâîé ìèíîð r-ãî ïîðÿäêà, íî âñå ìèíîðû ïîðÿäêà âûøå r (åñëè îíè èìåþòñÿ) ðàâíû íóëþ. Òîãäà ÷èñëî r íàçûâàåòñÿ ðàíãîì ìàòðèöû: �EMBED Equation.2���, à îòëè÷íûé îò íóëÿ ìèíîð r-ãî ïîðÿäêà íàçûâàåòñÿ áàçèñíûì ìèíîðîì ìàòðèöû.


Çàìå÷àíèå 1.12.1. Äëÿ íàõîæäåíèÿ ðàíãà ìàòðèöû ìîæíî ýêâèâàëåíòíûìè ïðåîáðàçîâàíèÿìè ñòðîê (è, ïðè íåîáõîäèìîñòè, ïåðåñòàíîâêîé ñòîëáöîâ) ïðèâåñòè åå ê òðåóãîëüíîìó âèäó òàê, ÷òî íà ãëàâíîé äèàãîíàëè îêàæóòñÿ òîëüêî íåíóëåâûå ýëåìåíòû. Òîãäà áàçèñíûé ìèíîð áóäåò ðàñïîëîæåí â ëåâîì âåðõíåì óãëó ìàòðèöû, à ðàíã áóäåò ðàâåí ÷èñëó íåíóëåâûõ ñòðîê.


Ïóñòü äàíà ñèñòåìà èç s ëèíåéíûõ óðàâíåíèé ñ n íåèçâåñòíûìè:


�EMBED Equation.2���.


Âîïðîñ î ñîâìåñòíîñòè òàêîé ñèñòåìû ðåøàåò òåîðåìà Êðîíåêåðà - Êàïåëëè: ñèñòåìà ëèíåéíûõ óðàâíåíèé ñîâìåñòíà òîãäà è òîëüêî òîãäà, êîãäà ðàíã îñíîâíîé ìàòðèöû ñèñòåìû ðàâåí ðàíãó åå ðàñøèðåííîé ìàòðèöû.


Ïóñòü ðàñøèðåííàÿ ìàòðèöà ñèñòåìû èìååò ðàíã r. Äëÿ íàõîæäåíèÿ ðåøåíèÿ ñëåäóåò:


èñêëþ÷èòü s-r ñòðîê, íå âõîäÿùèõ â áàçèñíûé ìèíîð;


ïåðåíåñòè â ïðàâóþ ÷àñòü n-r ñòîëáöîâ, íå âõîäÿùèõ â áàçèñíûé ìèíîð; çíàêè êîýôôèöèåíòîâ â ýòèõ ñòîëáöàõ ñëåäóåò èçìåíèòü íà ïðîòèâîïîëîæíûå.


Â ðåçóëüòàòå áóäåò ïîëó÷åíà ñèñòåìà âèäà


�EMBED Equation.2���,


îñíîâíîé îïðåäåëèòåëü êîòîðîé îòëè÷åí îò íóëÿ. Ðåøåíèå ïîñëåäíåé ñèñòåìû âêëþ÷àåò n-r ïðîèçâîëüíûõ ïåðåìåííûõ (íàçûâàåìûõ òàêæå ñâîáîäíûìè íåèçâåñòíûìè) xr+1, xr+2, ..., xn; ýòî ðåøåíèå íàçûâàþò îáùèì. Âûðàæåíèå ïåðâûõ r íåèçâåñòíûõ ìîæíî íàéòè, èñïîëüçóÿ ôîðìóëû Êðàìåðà.


Íàéäåì, íàïðèìåð, îáùåå ðåøåíèå ñèñòåìû


�EMBED Equation.2���.


Ïðîâåðèì ñîâìåñòíîñòü. Ïðèâåäåì ðàñøèðåííóþ ìàòðèöó ê òðåóãîëüíîìó âèäó:


�EMBED Equation.2���


�EMBED Equation.2���.


Ðàíãè îñíîâíîé è ðàñøèðåííîé ìàòðèöû ñîâïàäàþò (ðàâíû äâóì), ïîýòîìó ñèñòåìà ñîâìåñòíà. Â êà÷åñòâå áàçèñíîãî ìîæíî âûáðàòü ìèíîð, îáðàçîâàííûé êîýôôèöèåíòàìè ïðè íåèçâåñòíûõ x è y:


�EMBED Equation.2���.


Èñêëþ÷àÿ èç ðàñøèðåííîé ìàòðèöû òðåòüþ ñòðîêó è ïåðåíîñÿ ñòîëáöû ñ òðåòüåãî ïî ïÿòûé â ïðàâóþ ÷àñòü, ïðèäåì ê ñèñòåìå:


�EMBED Equation.2���.


Èñïîëüçóÿ ôîðìóëû Êðàìåðà, íàéäåì îáùåå ðåøåíèå:


�EMBED Equation.2���, �EMBED Equation.2���;


�EMBED Equation.2���, �EMBED Equation.2���.


Îñíîâû âåêòîðíîé àëãåáðû


Àôôèííîå ïðîñòðàíñòâî


Ïóñòü ýëåìåíòû íåêîòîðîãî ìíîæåñòâà �EMBED Equation.2��� óñëîâíî íàçâàíû òî÷êàìè. Åñëè êàæäîé óïîðÿäî÷åííîé ïàðå òî÷åê A è B ïîñòàâëåí â ñîîòâåòñòâèå ýëåìåíò íåêîòîðîãî ëèíåéíîãî ïðîñòðàíñòâà, òî ìíîæåñòâî òî÷åê íàçûâàåòñÿ àôôèííûì ïðîñòðàíñòâîì.


Âåêòîðîì-îòðåçêîì a íàçûâàåòñÿ íàïðàâëåííûé îòðåçîê – óïîðÿäî÷åííàÿ ïàðà òî÷åê A è B. Îäíà èç ýòèõ òî÷åê íàçûâàåòñÿ íà÷àëüíîé, à äðóãàÿ – êîíå÷íîé òî÷êîé âåêòîðà. Åñëè òî÷êà A ÿâëÿåòñÿ íà÷àëüíîé, à òî÷êà B – êîíå÷íîé, òî âåêòîð îáîçíà÷àþò


�EMBED Equation.2���.


Âåêòîðû, ïàðàëëåëüíûå îäíîé è òîé æå ïðÿìîé, íàçûâàþòñÿ êîëëèíåàðíûìè. Âåêòîðû, ïàðàëëåëüíûå îäíîé è òîé æå ïëîñêîñòè, íàçûâàþòñÿ êîìïëàíàðíûìè.


Êîëëèíåàðíûå âåêòîðû íàçûâàþòñÿ ñîíàïðàâëåííûìè, åñëè èõ êîíå÷íûå òî÷êè ëåæàò ïî îäíó ñòîðîíó ïðÿìîé, ïðîâåäåííîé ÷åðåç èõ íà÷àëüíûå òî÷êè (ðèñ. 2.1). Åñëè êîíå÷íûå òî÷êè êîëëèíåàðíûõ âåêòîðîâ ëåæàò ïî ðàçíûå ñòîðîíû îò ýòîé ïðÿìîé, òî âåêòîðû íàçûâàþòñÿ ïðîòèâîïîëîæíî íàïðàâëåííûìè (ðèñ. 2.2).


Çàìå÷àíèå 2.1.1. Ïîñëåäíåå îïðåäåëåíèå ïîäðàçóìåâàåò, ÷òî âåêòîðû ëåæàò íà ðàçëè÷íûõ ïðÿìûõ; òåì íå ìåíåå, ïîíÿòèå ñîíàïðàâëåííîñòè ëåãêî îáîáùàåòñÿ íà ñëó÷àé âåêòîðîâ, ëåæàùèõ íà îäíîé ïðÿìîé.


�


Ðèñ. 2.1. Ñîíàïðàâëåííûå âåêòîðû�



�


Ðèñ. 2.2. Ïðîòèâîïîëîæíî íàïðàâëåííûå âåêòîðû�
�



Äâà âåêòîðà-îòðåçêà ìîæíî ñ÷èòàòü ðàâíûìè, åñëè èõ óäàåòñÿ ñîâìåñòèòü ïàðàëëåëüíûì ïåðåíîñîì (ðèñ. 2.3).


Çàìå÷àíèå 2.1.2. Âåêòîðû, äëÿ êîòîðûõ îòíîøåíèå ðàâåíñòâà îïðåäåëåíî èìåííî òàêèì îáðàçîì, íàçûâàþòñÿ ñâîáîäíûìè. Ïîìèìî ñâîáîäíûõ, ðàññìàòðèâàþò òàêæå ñêîëüçÿùèå è ñâÿçàííûå âåêòîðû. Ñêîëüçÿùèå âåêòîðû ñ÷èòàþò ðàâíûìè, åñëè èõ ìîæíî ñîâìåñòèòü ïàðàëëåëüíûì ïåðåíîñîì è îíè ëåæàò íà îäíîé ïðÿìîé. Ñâÿçàííûå âåêòîðû ñ÷èòàþò ðàâíûìè, åñëè îíè èìåþò îäíè è òå æå íà÷àëüíûå è êîíå÷íûå òî÷êè.


�


Ðèñ. 2.3. Ðàâíûå âåêòîðû


Âåêòîð, íà÷àëüíàÿ è êîíå÷íàÿ òî÷êè êîòîðîãî ñîâïàäàþò, íàçûâàåòñÿ íóëåâûì âåêòîðîì, èëè íóëü-âåêòîðîì: �EMBED Equation.2���. Íàïðàâëåíèå íóëü-âåêòîðà íå îïðåäåëåíî.


Ñóììîé äâóõ âåêòîðîâ a è b íàçûâàåòñÿ âåêòîð c=a+b, çàìûêàþùèé ïîñòðîåííóþ íà a è b ëîìàíóþ, ïðè÷åì íà÷àëüíàÿ òî÷êà âåêòîðà c ñîâïàäàåò ñ íà÷àëüíîé òî÷êîé âåêòîðà a, êîíå÷íàÿ òî÷êà âåêòîðà c – ñ êîíå÷íîé òî÷êîé âåêòîðà b. Ïðè ïîñòðîåíèè ëîìàíîé êîíå÷íàÿ òî÷êà âåêòîðà a ñîâìåùàåòñÿ ñ íà÷àëüíîé òî÷êîé âåêòîðà b (ðèñ. 2.4).


�


Ðèñ. 2.4. Ñóììà âåêòîðîâ


Ìîäóëåì (èëè äëèíîé) âåêòîðà �EMBED Equation.2��� íàçûâàåòñÿ íåîòðèöàòåëüíîå ÷èñëî �EMBED Equation.2���, ðàâíîå äëèíå îòðåçêà AB, ñîåäèíÿþùåãî íà÷àëüíóþ è êîíå÷íóþ òî÷êè âåêòîðà.


Ïðîèçâåäåíèåì âåêòîðà a íà ÷èñëî l íàçûâàåòñÿ âåêòîð �EMBED Equation.2���, ìîäóëü êîòîðîãî ðàâåí �EMBED Equation.2��� è êîòîðûé ñîíàïðàâëåí âåêòîðó a ïðè �EMBED Equation.2��� èëè ïðîòèâîïîëîæíî íàïðàâëåí ïðè �EMBED Equation.2��� (ðèñ. 2.5).


�


Ðèñ. 2.5. Ïðîèçâåäåíèå âåêòîðà�íà ÷èñëî


Äëÿ îïðåäåëåííûõ ïîäîáíûì îáðàçîì îïåðàöèé ñëîæåíèÿ è óìíîæåíèÿ íà ÷èñëî âûïîëíÿþòñÿ âñå âîñåìü àêñèîì ëèíåéíîãî ïðîñòðàíñòâà (ñì. ï. 1.1).


Íóëåì ñëîæåíèÿ â ëèíåéíîì ïðîñòðàíñòâå âåêòîðîâ-îòðåçêîâ ÿâëÿåòñÿ íóëü-âåêòîð: �EMBED Equation.2���. Åäèíèöåé óìíîæåíèÿ ÿâëÿåòñÿ ÷èñëî 1. Âåêòîðîì, ïðîòèâîïîëîæíûì âåêòîðó a ïî ñëîæåíèþ, ÿâëÿåòñÿ âåêòîð �EMBED Equation.2���.


Ðàçíîñòüþ äâóõ âåêòîðîâ a è b íàçûâàåòñÿ ñóììà âåêòîðà a è âåêòîðà, ïðîòèâîïîëîæíîãî âåêòîðó b:


�EMBED Equation.2���.


Çàìå÷àíèå 2.1.3. Ëèíåéíîå ïðîñòðàíñòâî âåêòîðîâ-îòðåçêîâ ìîæíî ðàññìàòðèâàòü êàê àôôèííîå, åñëè âåêòîðû íàçâàòü òî÷êàìè è êàæäîé ïàðå a, b ïîñòàâèòü â ñîîòâåòñòâèå âåêòîð b – a.


Çàìå÷àíèå 2.1.4. Âñÿêîå àôôèííîå ïðîñòðàíñòâî ìîæíî ðàññìàòðèâàòü êàê ëèíåéíîå, åñëè çàôèêñèðîâàòü ïðîèçâîëüíóþ òî÷êó O è êàæäîé òî÷êå M ïîñòàâèòü â ñîîòâåòñòâèå åå ðàäèóñ�âåêòîð �EMBED Equation.2���.


Çàìå÷àíèå 2.1.5. Â îïðåäåëåíèè ïðîèçâåäåíèÿ âåêòîðà íà ÷èñëî ôèãóðèðóåò ïîíÿòèå ìîäóëÿ âåêòîðà. Ñóùåñòâåííî, ÷òî îïðåäåëåíèå ìîäóëÿ äîëæíî îáåñïå÷èòü âûïîëíåíèå àêñèîì ëèíåéíîãî ïðîñòðàíñòâà; ïðè ýòîì ìåòîä íàõîæäåíèÿ ìîäóëÿ ìîæåò áûòü ïðîèçâîëüíûì (â àôôèííîì ïðîñòðàíñòâå íå îïðåäåëåíî ïîíÿòèå ðàññòîÿíèÿ ìåæäó òî÷êàìè).


Ëèíåéíàÿ çàâèñèìîñòü âåêòîðîâ, àôôèííûé áàçèñ è àôôèííûå êîîðäèíàòû


Ïîíÿòèÿ ëèíåéíîé çàâèñèìîñòè è áàçèñà ïðîèçâîëüíîãî ëèíåéíîãî ïðîñòðàíñòâà áåç èçìåíåíèé ïåðåíîñÿòñÿ íà ëèíåéíîå ïðîñòðàíñòâî âåêòîðîâ-îòðåçêîâ.


Ëèíåéíîé êîìáèíàöèåé âåêòîðîâ �EMBED Equation.2��� íàçûâàåòñÿ ñóììà


�EMBED Equation.2���,


ãäå ai – ñêàëÿðíûå êîýôôèöèåíòû. Åñëè âñå êîýôôèöèåíòû ðàâíû íóëþ, òî ëèíåéíàÿ êîìáèíàöèÿ íàçûâàåòñÿ òðèâèàëüíîé; â ïðîòèâíîì ñëó÷àå ëèíåéíàÿ êîìáèíàöèÿ íàçûâàåòñÿ íåòðèâèàëüíîé.


Âåêòîðû �EMBED Equation.2��� íàçûâàþòñÿ ëèíåéíî çàâèñèìûìè, åñëè ñóùåñòâóåò íåòðèâèàëüíàÿ è ðàâíàÿ íóëþ èõ ëèíåéíàÿ êîìáèíàöèÿ. Åñëè òàêîé ëèíåéíîé êîìáèíàöèè íåò, òî âåêòîðû íàçûâàþòñÿ ëèíåéíî íåçàâèñèìûìè.


Òåîðåìà. Äëÿ òîãî ÷òîáû âåêòîðû �EMBED Equation.2��� áûëè ëèíåéíî çàâèñèìû, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû õîòÿ áû îäèí èç íèõ ÿâëÿëñÿ ëèíåéíîé êîìáèíàöèåé îñòàëüíûõ.


Ñëåäñòâèå. Äâà êîëëèíåàðíûõ âåêòîðà ëèíåéíî çàâèñèìû.


Ñïðàâåäëèâû óòâåðæäåíèÿ:


1. Åñëè ñðåäè âåêòîðîâ ai èìååòñÿ íóëåâîé, òî âåêòîðû ëèíåéíî çàâèñèìû.


2. Åñëè ÷àñòü âåêòîðîâ ai ëèíåéíî çàâèñèìû, òî è âñå âåêòîðû ai ëèíåéíî çàâèñèìû.


Óïîðÿäî÷åííûé íàáîð n ëèíåéíî íåçàâèñèìûõ âåêòîðîâ e1, e2, ..., en íàçûâàåòñÿ àôôèííûì áàçèñîì n-ìåðíîãî ïðîñòðàíñòâà. Ëþáîé âåêòîð r ïðîñòðàíñòâà ìîæåò áûòü ïðåäñòàâëåí â âèäå ëèíåéíîé êîìáèíàöèè áàçèñíûõ âåêòîðîâ:


�EMBED Equation.2���.


Ïîñëåäíåå ðàâåíñòâî íàçûâàåòñÿ ðàçëîæåíèåì âåêòîðà r ïî áàçèñó e1, e2, ..., en. ×èñëà x1, x2, ..., xn íàçûâàþòñÿ àôôèííûìè êîîðäèíàòàìè âåêòîðà r. Çàïèñûâàþò:


�EMBED Equation.2���.


Êîîðäèíàòû ñàìèõ áàçèñíûõ âåêòîðîâ â ýòîì æå áàçèñå ðàâíû


�EMBED Equation.2���; �EMBED Equation.2���; ...; �EMBED Equation.2���.


Òåîðåìà. Êàæäûé âåêòîð r ìîæåò áûòü ðàçëîæåí ïî áàçèñó åäèíñòâåííûì îáðàçîì.


Òåîðåìà. Ïðè ñëîæåíèè äâóõ âåêòîðîâ èõ êîîðäèíàòû ñêëàäûâàþòñÿ. Ïðè óìíîæåíèè ëþáîãî âåêòîðà íà ÷èñëî l âñå êîîðäèíàòû ýòîãî âåêòîðà óìíîæàþòñÿ íà l.


Àôôèííîé ñèñòåìîé êîîðäèíàò íàçûâàåòñÿ ñîâîêóïíîñòü àôôèííîãî áàçèñà è ïðîèçâîëüíîé òî÷êè O – íà÷àëà êîîðäèíàò. Àôôèííûìè êîîðäèíàòàìè òî÷êè M íàçûâàþòñÿ êîîðäèíàòû åå ðàäèóñ-âåêòîðà �EMBED Equation.2���. Êàê ñëåäñòâèå, àôôèííûå êîîðäèíàòû âåêòîðà �EMBED Equation.2��� ðàâíû êîîðäèíàòàì ðàçíîñòè


�EMBED Equation.2���


ðàäèóñ-âåêòîðîâ åãî êîíå÷íîé è íà÷àëüíîé òî÷åê; äëÿ íàõîæäåíèÿ êîîðäèíàò âåêòîðà ñëåäóåò èç ñîîòâåòñòâóþùèõ êîîðäèíàò êîíå÷íîé òî÷êè âû÷åñòü êîîðäèíàòû íà÷àëüíîé òî÷êè.


Ïðèìåð (àôôèííûå êîîðäèíàòû íà ïëîñêîñòè). Ïóñòü íà ïëîñêîñòè äàí âåêòîð r è âûáðàíû äâà íåêîëëèíåàðíûõ âåêòîðà e1 è e2. Äëÿ ðàçëîæåíèÿ âåêòîðà r ïî áàçèñó e1, e2 îòëîæèì áàçèñíûå âåêòîðû è âåêòîð r îò òî÷êè O – íà÷àëà êîîðäèíàò (ðèñ. 2.6). Ïðîâåäåì ÷åðåç òî÷êó O äâå ïðÿìûå, ïàðàëëåëüíûå áàçèñíûì âåêòîðàì – îñè êîîðäèíàò Ox1 è Ox2. Ïðîâåäåì ÷åðåç êîíå÷íóþ òî÷êó âåêòîðà r äâå ïðÿìûå, ïàðàëëåëüíûå áàçèñíûì âåêòîðàì, è îáîçíà÷èì ÷åðåç X1 è X2 òî÷êè ïåðåñå÷åíèÿ ýòèõ ïðÿìûõ ñ îñÿìè êîîðäèíàò. Èç îïðåäåëåíèé ñóììû âåêòîðîâ è ïðîèçâåäåíèÿ âåêòîðà íà ÷èñëî ñëåäóåò, ÷òî


�EMBED Equation.2���,


ãäå x1 è x2 – ÷èñëà (àôôèííûå êîîðäèíàòû âåêòîðà r).


�


Ðèñ. 2.6. Àôôèííûå êîîðäèíàòû íà ïëîñêîñòè


Èç ïðèâåäåííûõ â ðàçäåëå 1 òåîðåì è ïðèâåäåííîãî ïðèìåðà ñëåäóåò, ÷òî ïëîñêîñòü ÿâëÿåòñÿ äâóìåðíûì ïðîñòðàíñòâîì (äâà íåêîëëèíåàðíûõ âåêòîðà îáðàçóþò áàçèñ, íî òðè âåêòîðà âñåãäà ëèíåéíî çàâèñèìû).


Àíàëîãè÷íî, âûáðàâ â òðåõìåðíîì ïðîñòðàíñòâå òðè íåêîìïëàíàðíûõ âåêòîðà e1 , e2 è e3, ìîæíî ëþáîé âåêòîð r ïðåäñòàâèòü â âèäå èõ ëèíåéíîé êîìáèíàöèè:


�EMBED Equation.2���,


ãäå x1, x2 è x3 – àôôèííûå êîîðäèíàòû âåêòîðà r.


Ëèíåéíûå îäíîðîäíûå ïðåîáðàçîâàíèÿ


Ïðåîáðàçîâàíèåì �EMBED Equation.2��� íàçûâàþò ïðàâèëî, êîòîðîå êàæäîìó âåêòîðó �EMBED Equation.2���, �EMBED Equation.2��� n-ìåðíîãî ëèíåéíîãî ïðîñòðàíñòâà ñîïîñòàâëÿåò âåêòîð �EMBED Equation.2��� òîãî æå ïðîñòðàíñòâà. Ïðè ýòîì âåêòîð �EMBED Equation.2��� íàçûâàþò îáðàçîì âåêòîðà r, à âåêòîð r – ïðîîáðàçîì âåêòîðà �EMBED Equation.2���. Ïðåîáðàçîâàíèå íàçûâàþò âçàèìíî-îäíîçíà÷íûì, åñëè


êàæäîìó îáðàçó ñîîòâåòñòâóåò åäèíñòâåííûé ïðîîáðàç;


êàæäîìó ïðîîáðàçó ñîîòâåòñòâóåò åäèíñòâåííûé îáðàç.


Ïðåîáðàçîâàíèå íàçûâàþò ëèíåéíûì îäíîðîäíûì, åñëè âûïîëíÿþòñÿ:


Ñâîéñòâî ëèíåéíîñòè: �EMBED Equation.2��� (îáðàç ñóììû ðàâåí ñóììå îáðàçîâ).


Ñâîéñòâî îäíîðîäíîñòè: �EMBED Equation.2��� (ñêàëÿð ìîæíî âûíîñèòü çà çíàê ïðåîáðàçîâàíèÿ).


Ïðèìåð: òîæäåñòâåííîå ïðåîáðàçîâàíèå. Òîæäåñòâåííûì (èëè åäèíè÷íûì) íàçûâàþò ïðåîáðàçîâàíèå E, äëÿ êîòîðîãî îáðàç è ïðîîáðàç ñîâïàäàþò: �EMBED Equation.2���. Ïðîâåðèì âûïîëíåíèå ñâîéñòâ ëèíåéíîñòè è îäíîðîäíîñòè:


�EMBED Equation.2���;


�EMBED Equation.2���.


Ñëåäîâàòåëüíî, òîæäåñòâåííîå ïðåîáðàçîâàíèå ÿâëÿåòñÿ ëèíåéíûì îäíîðîäíûì.


Çàìå÷àíèå 2.3.1. Ïðåîáðàçîâàíèå, ïåðåâîäÿùåå íóëåâîé âåêòîð 0 â íåíóëåâîé, çàâåäîìî íå ÿâëÿåòñÿ ëèíåéíûì îäíîðîäíûì. Äåéñòâèòåëüíî, ïóñòü �EMBED Equation.2���. Òîãäà, ñ îäíîé ñòîðîíû �EMBED Equation.2���. Íî, â òî æå âðåìÿ �EMBED Equation.2���; îáðàç ñóììû íå ðàâåí ñóììå îáðàçîâ.


Ëèíåéíîå îäíîðîäíîå ïðåîáðàçîâàíèå ïîëíîñòüþ îïðåäåëåíî, åñëè èçâåñòíû ðåçóëüòàòû åãî äåéñòâèÿ íà áàçèñíûå âåêòîðû �EMBED Equation.2���, �EMBED Equation.2���. Ïóñòü îáðàç i�ãî áàçèñíîãî âåêòîðà ei åñòü âåêòîð �EMBED Equation.2���:


�EMBED Equation.2���, �EMBED Equation.2���.


Òîãäà:


�EMBED Equation.2���.


Ñëåäîâàòåëüíî, êîîðäèíàòû �EMBED Equation.2���, �EMBED Equation.2��� îáðàçà ðàâíû ëèíåéíûì êîìáèíàöèÿì êîîðäèíàò ïðîîáðàçà, ïðè÷åì â êà÷åñòâå êîýôôèöèåíòîâ ëèíåéíûõ êîìáèíàöèé âûñòóïàþò j-e êîîðäèíàòû îáðàçîâ áàçèñíûõ âåêòîðîâ:


�EMBED Equation.2���, �EMBED Equation.2���,


èëè, â ðàçâåðíóòîé ôîðìå:


�EMBED Equation.2���.


Èç îïðåäåëåíèÿ îïåðàöèè óìíîæåíèÿ ìàòðèö (ñì. ï. 1.5) ñëåäóåò, ÷òî ïðàâûå ÷àñòè äâóõ ïîñëåäíèõ ñèñòåì ìîæíî çàïèñàòü â âèäå ïðîèçâåäåíèÿ ìàòðèöû �EMBED Equation.2��� è âåêòîð-ñòîëáöà �EMBED Equation.2���:


�EMBED Equation.2���.


Òàêèì îáðàçîì, ëèíåéíîå îäíîðîäíîå ïðåîáðàçîâàíèå â n-ìåðíîì ëèíåéíîì ïðîñòðàíñòâå ìîæíî ïðåäñòàâèòü êàê óìíîæåíèå âåêòîðà ýòîãî ïðîñòðàíñòâà ñïðàâà íà êâàäðàòíóþ ìàòðèöó n-ãî ïîðÿäêà – ìàòðèöó ïðåîáðàçîâàíèÿ. Â êàæäîì i-ì ñòîëáöå ìàòðèöû ïðåîáðàçîâàíèÿ íàõîäÿòñÿ êîîðäèíàòû îáðàçà i�ãî áàçèñíîãî âåêòîðà.


Àôôèííûå ïðåîáðàçîâàíèÿ è ïðîåêòèâíûå êîîðäèíàòû


Ïðåîáðàçîâàíèå �EMBED Equation.2���, êîòîðîå êàæäîìó âåêòîðó �EMBED Equation.2���, �EMBED Equation.2��� ñîïîñòàâëÿåò âåêòîð �EMBED Equation.2���, íàçûâàþò àôôèííûì (èëè ëèíåéíûì íåîäíîðîäíûì), åñëè åãî ìîæíî ïðåäñòàâèòü â âèäå


�EMBED Equation.2���,


ãäå �EMBED Equation.2��� – ëèíåéíîå îäíîðîäíîå ïðåîáðàçîâàíèå, c – âåêòîð.


Åñëè �EMBED Equation.2��� – ìàòðèöà ñîîòâåòñòâóþùåãî ëèíåéíîãî îäíîðîäíîãî ïðåîáðàçîâàíèÿ, cj – êîîðäèíàòû âåêòîðà c, òî êîîðäèíàòû îáðàçà âåêòîðà �EMBED Equation.2���


�EMBED Equation.2���, �EMBED Equation.2���,


èëè, â ðàçâåðíóòîì âèäå


�EMBED Equation.2���.


Èç îïðåäåëåíèÿ ñëåäóåò, ÷òî àôôèííîå ïðåîáðàçîâàíèå âåêòîðà n-ìåðíîãî ïðîñòðàíñòâà íåëüçÿ çàïèñàòü â âèäå óìíîæåíèÿ ýòîãî âåêòîðà ñïðàâà íà êâàäðàòíóþ ìàòðèöó n-ãî ïîðÿäêà.


Äëÿ ìàòðè÷íîãî ïðåäñòàâëåíèÿ àôôèííûõ ïðåîáðàçîâàíèé ââåäåì îáîçíà÷åíèÿ:


�EMBED Equation.2���, �EMBED Equation.2���,


ãäå xn+1 îòëè÷íî îò íóëÿ. Óïîðÿäî÷åííûé íàáîð ÷èñåë �EMBED Equation.2��� íàçûâàþò ïðîåêòèâíûìè êîîðäèíàòàìè òî÷êè �EMBED Equation.2���.


Ïðîåêòèâíûå êîîðäèíàòû �EMBED Equation.2��� è �EMBED Equation.2��� ïðè ëþáîì �EMBED Equation.2��� îïðåäåëÿþò îäíó è òó æå òî÷êó. Ïîýòîìó áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî ïðè àôôèííîì ïðåîáðàçîâàíèè xn+1 íå èçìåíÿåòñÿ: �EMBED Equation.2���. Òîãäà ïðåîáðàçîâàíèå ïðîåêòèâíûõ êîîðäèíàò ïðèìåò âèä:


�EMBED Equation.2���,


ò.å. îíî ÿâëÿåòñÿ ëèíåéíûì îäíîðîäíûì è ìîæåò áûòü çàïèñàíî â âèäå ïðîèçâåäåíèÿ âåêòîðà �EMBED Equation.2��� ñïðàâà íà ìàòðèöó n+1-ãî ïîðÿäêà:


�EMBED Equation.2���.


Çàìå÷àíèå 2.4.1. Åñëè ïîëîæèòü �EMBED Equation.2���, òî ïîñëåäíåå ñîîòíîøåíèå ìîæíî èñïîëüçîâàòü íåïîñðåäñòâåííî äëÿ çàïèñè ïðåîáðàçîâàíèé êîîðäèíàò �EMBED Equation.2��� è �EMBED Equation.2���.


Ëèíåéíîå ïðîñòðàíñòâî ïðåîáðàçîâàíèé. Îáðàòíîå ïðåîáðàçîâàíèå


Ñóììîé ïðåîáðàçîâàíèé A1 è A2 íàçûâàþò ïðåîáðàçîâàíèå �EMBED Equation.2���, êîòîðîå âåêòîðó r ñòàâèò â ñîîòâåòñòâèå âåêòîð �EMBED Equation.2���.


Ïðîèçâåäåíèåì ïðåîáðàçîâàíèÿ �EMBED Equation.2��� íà ÷èñëî l íàçûâàþò ïðåîáðàçîâàíèå, êîòîðîå âåêòîðó r ñòàâèò â ñîîòâåòñòâèå âåêòîð �EMBED Equation.2���.


Èç îïðåäåëåíèé ñëåäóåò, ÷òî ìíîæåñòâî ïðåîáðàçîâàíèé ñ ââåäåííûìè îïåðàöèÿìè ñëîæåíèÿ è óìíîæåíèÿ íà ÷èñëî ÿâëÿåòñÿ ëèíåéíûì ïðîñòðàíñòâîì (âûïîëíÿþòñÿ âñå âîñåìü àêñèîì ï. 1.1). Ðîëü íóëÿ ïî ñëîæåíèþ â ýòîì ïðîñòðàíñòâå âûïîëíÿåò íóëåâîå ïðåîáðàçîâàíèå �EMBED Equation.2��� – ïðåîáðàçîâàíèå, êîòîðîå êàæäîìó âåêòîðó r ñòàâèò â ñîîòâåòñòâèå íóëü-âåêòîð.


Ïóñòü �EMBED Equation.2��� è �EMBED Equation.2��� – íåêîòîðûå ïðåîáðàçîâàíèÿ. Ïðîèçâåäåíèåì (èëè ñóïåðïîçèöèåé) ïðåîáðàçîâàíèé �EMBED Equation.2��� è �EMBED Equation.2��� íàçûâàþò ïðåîáðàçîâàíèå �EMBED Equation.2���, ñîñòîÿùåå â ïîñëåäîâàòåëüíîì âûïîëíåíèè ïðåîáðàçîâàíèé A2 è A1:


�EMBED Equation.2���.


Çàìå÷àíèå 2.5.1. Â îáùåì ñëó÷àå ðåçóëüòàò ïîñëåäîâàòåëüíîãî âûïîëíåíèÿ ïðåîáðàçîâàíèé çàâèñèò îò ïîðÿäêà èõ âûïîëíåíèÿ; óìíîæåíèå ïðåîáðàçîâàíèé íå êîììóòàòèâíî.


Ïðåîáðàçîâàíèåì, îáðàòíûì ïðåîáðàçîâàíèþ �EMBED Equation.2���, íàçûâàþò ïðåîáðàçîâàíèå �EMBED Equation.2���, äëÿ êîòîðîãî


�EMBED Equation.2���,


èëè 


�EMBED Equation.2���,


ãäå E – òîæäåñòâåííîå ïðåîáðàçîâàíèå.


Ïðåîáðàçîâàíèå �EMBED Equation.2��� íàçûâàþò îáðàòèìûì (èíà÷å – íåâûðîæäåííûì, íåñèíãóëÿðíûì) åñëè äëÿ íåãî ñóùåñòâóåò îáðàòíîå ïðåîáðàçîâàíèå �EMBED Equation.2���. Åñëè îáðàòíîãî ïðåîáðàçîâàíèÿ íå ñóùåñòâóåò, òî �EMBED Equation.2��� íàçûâàþò íåîáðàòèìûì (âûðîæäåííûì, ñèíãóëÿðíûì).


Åñëè ïðåîáðàçîâàíèÿ A1 è A2 – ëèíåéíûå îäíîðîäíûå (ïðè èñïîëüçîâàíèè ïðîåêòèâíûõ êîîðäèíàò îíè ìîãóò áûòü è àôôèííûìè), òî äåéñòâèÿ íàä ïðåîáðàçîâàíèÿìè ñâîäÿòñÿ ê äåéñòâèþ íàä èõ ìàòðèöàìè:


Ìàòðèöà ñóììû ïðåîáðàçîâàíèé ðàâíà ñóììå ìàòðèö ïðåîáðàçîâàíèé.


Ìàòðèöà ïðîèçâåäåíèÿ ïðåîáðàçîâàíèÿ íà ÷èñëî ðàâíà ïðîèçâåäåíèþ ìàòðèöû ïðåîáðàçîâàíèÿ íà ýòî ÷èñëî.


Ìàòðèöà ïðîèçâåäåíèÿ ïðåîáðàçîâàíèé �EMBED Equation.2��� ðàâíà ïðîèçâåäåíèþ ìàòðèö ñîìíîæèòåëåé: �EMBED Equation.2���.


Îòñþäà, â ÷àñòíîñòè, ñëåäóåò, ÷òî ëèíåéíîå îäíîðîäíîå ïðåîáðàçîâàíèå �EMBED Equation.2��� îáðàòèìî òîãäà è òîëüêî òîãäà, êîãäà îïðåäåëèòåëü åãî ìàòðèöû îòëè÷åí îò íóëÿ. Â ïîñëåäíåì ñëó÷àå ìàòðèöà îáðàòíîãî ïðåîáðàçîâàíèÿ ðàâíà ìàòðèöå, îáðàòíîé ê ìàòðèöå èñõîäíîãî ïðåîáðàçîâàíèÿ.


Ñîáñòâåííûå çíà÷åíèÿ ëèíåéíûõ îäíîðîäíûõ ïðåîáðàçîâàíèé


Íåíóëåâîé âåêòîð �EMBED Equation.2��� íàçûâàåòñÿ ñîáñòâåííûì âåêòîðîì ïðåîáðàçîâàíèÿ A, åñëè åãî îáðàç è ïðîîáðàç êîëëèíåàðíû:


�EMBED Equation.2���,


ïðè ýòîì ÷èñëî l íàçûâàåòñÿ ñîáñòâåííûì çíà÷åíèåì ïðåîáðàçîâàíèÿ A.


Ïóñòü ïðåîáðàçîâàíèå A ÿâëÿåòñÿ ëèíåéíûì îäíîðîäíûì. Òîãäà ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå âåêòîðû ìîãóò áûòü îïðåäåëåíû èç ìàòðè÷íîãî óðàâíåíèÿ


 �EMBED Equation.2���, èëè �EMBED Equation.2���,


ãäå E – åäèíè÷íàÿ ìàòðèöà. Äàííîå ìàòðè÷íîå óðàâíåíèå ðàâíîñèëüíî îäíîðîäíîé ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé


�EMBED Equation.2���.


Îäíîðîäíàÿ ñèñòåìà èìååò íåíóëåâûå ðåøåíèÿ òîãäà è òîëüêî òîãäà, êîãäà ìàòðèöà �EMBED Equation.2��� âûðîæäåííàÿ, ò.å. ïðè �EMBED Equation.2���. Òàêèì îáðàçîì, íåíóëåâûå ñîáñòâåííûå çíà÷åíèÿ l ïðåîáðàçîâàíèÿ A åñòü êîðíè àëãåáðàè÷åñêîãî óðàâíåíèÿ


�EMBED Equation.2���,


êîòîðîå íàçûâàþò õàðàêòåðèñòè÷åñêèì.


Çàìå÷àíèå 2.6.1. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå åñòü àëãåáðàè÷åñêîå óðàâíåíèå n-é ñòåïåíè. Ïîýòîìó ñîáñòâåííûå çíà÷åíèÿ ìîãóò áûòü ñðàâíèòåëüíî ïðîñòî íàéäåíû òîëüêî ïðè �EMBED Equation.2���. Íàõîæäåíèå ñîáñòâåííûõ çíà÷åíèé ïðåîáðàçîâàíèé, äåéñòâóþùèõ â ïðîñòðàíñòâàõ âûñîêîé ðàçìåðíîñòè, ÿâëÿåòñÿ ñëîæíîé âû÷èñëèòåëüíîé çàäà÷åé.


Ïóñòü, íàïðèìåð, òðåáóåòñÿ íàéòè ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå âåêòîðû ëèíåéíîãî îäíîðîäíîãî ïðåîáðàçîâàíèÿ, ìàòðèöà êîòîðîãî èìååò âèä


�EMBED Equation.2���.


Ñîñòàâèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå:


�EMBED Equation.2���.


Îòêóäà:


�EMBED Equation.2���, �EMBED Equation.2���.


Ñîáñòâåííûå âåêòîðû, ñîîòâåòñòâóþùèå ïåðâîìó ñîáñòâåííîìó çíà÷åíèþ, ìîãóò áûòü íàéäåíû ïîäñòàíîâêîé l1=1 â óðàâíåíèå �EMBED Equation.2���:


�EMBED Equation.2���,


èëè �EMBED Equation.2���. Ïîëàãàÿ �EMBED Equation.2���, íàéäåì: �EMBED Equation.2���. Àíàëîãè÷íî ìîæíî íàéòè âñå ñîáñòâåííûå âåêòîðû, ñîîòâåòñòâóþùèå âòîðîìó ñîáñòâåííîìó çíà÷åíèþ: �EMBED Equation.2���, ãäå b – ïðîèçâîëüíîå ÷èñëî.


Çàìå÷àíèå 2.6.2. Â äåêàðòîâûõ êîîðäèíàòàõ ðàññìîòðåííîå ïðåîáðàçîâàíèå îïðåäåëÿåò ñèììåòðèþ îòíîñèòåëüíî ïðÿìîé – áèññåêòðèñû ïåðâîé è òðåòüåé êîîðäèíàòíûõ ÷åòâåðòåé. Âåêòîðû, ñîîòâåòñòâóþùèå ñîáñòâåííîìó çíà÷åíèþ 1, êîëëèíåàðíû ýòîé ïðÿìîé; èõ îáðàçû ñîâïàäàþò ñ ïðîîáðàçàìè. Âåêòîðû, ñîîòâåòñòâóþùèå ñîáñòâåííîìó çíà÷åíèþ -1, îðòîãîíàëüíû óêàçàííîé ïðÿìîé; èõ îáðàçû ïðîòèâîïîëîæíû ïðîîáðàçàì.


Îðèåíòàöèÿ ñèñòåìû êîîðäèíàò


Ïóñòü â ëèíåéíîì ïðîñòðàíñòâå äàíû äâà áàçèñà �EMBED Equation.2��� è �EMBED Equation.2���. Ðàçëîæèì êàæäûé èç âåêòîðîâ âòîðîãî áàçèñà ïî âåêòîðàì ïåðâîãî:


�EMBED Equation.2���, �EMBED Equation.2���,


èëè:


�EMBED Equation.2���.


Òàêèì îáðàçîì, ïåðåõîä îò ïåðâîãî áàçèñà êî âòîðîìó ìîæåò áûòü ïðåäñòàâëåí êàê óìíîæåíèå «âåêòîð-ñòîëáöà» èç âåêòîðîâ �EMBED Equation.2��� íà ìàòðèöó �EMBED Equation.2���.


Áàçèñû �EMBED Equation.2��� è �EMBED Equation.2��� íàçûâàþò îäèíàêîâî îðèåíòèðîâàííûìè, åñëè îïðåäåëèòåëü ìàòðèöû ïðåîáðàçîâàíèÿ ïîëîæèòåëåí. Åñëè îïðåäåëèòåëü ìàòðèöû ïðåîáðàçîâàíèÿ îòðèöàòåëåí, òî áàçèñû íàçûâàþò ïðîòèâîïîëîæíî îðèåíòèðîâàííûìè.


Çàìå÷àíèå 2.7.1. Îòëè÷èå îïðåäåëèòåëÿ ìàòðèöû ïðåîáðàçîâàíèÿ îò íóëÿ ãàðàíòèðóåòñÿ èñõîäíîé ïðåäïîñûëêîé, ñîñòîÿùåé â òîì, ÷òî ñèñòåìû âåêòîðîâ ei è e’i  îáðàçóþò áàçèñû.


Òàêèì îáðàçîì, âñå áàçèñû ïðîñòðàíñòâà ìîãóò áûòü ðàçäåëåíû íà äâà êëàññà ñ çàâèñèìîñòè îò çíàêà îïðåäåëèòåëÿ ìàòðèöû ïðåîáðàçîâàíèÿ. Áàçèñû èç îäíîãî êëàññà ìîæíî óñëîâíî íàçâàòü ïðàâûìè, áàçèñû èç äðóãîãî – ëåâûìè. Ñèñòåìà êîîðäèíàò íàçûâàåòñÿ ïðàâîé èëè ëåâîé â çàâèñèìîñòè îò îðèåíòàöèè åå áàçèñà.


Áàçèñ íà ïëîñêîñòè ïðèíÿòî íàçûâàòü ïðàâûì, åñëè êðàò÷àéøèé ïîâîðîò îò ïåðâîãî áàçèñíîãî âåêòîðà êî âòîðîìó âèäåí ïðîòèâ ÷àñîâîé ñòðåëêè. Â ïðîòèâíîì ñëó÷àå áàçèñ ïðèíÿòî íàçûâàòü ëåâûì.


Áàçèñ â òðåõìåðíîì ïðîñòðàíñòâå ïðèíÿòî íàçûâàòü ïðàâûì, åñëè êðàò÷àéøèé ïîâîðîò îò ïåðâîãî áàçèñíîãî âåêòîðà êî âòîðîìó èç êîíöà òðåòüåãî âèäåí ïðîòèâ ÷àñîâîé ñòðåëêè. Â ïðîòèâíîì ñëó÷àå áàçèñ ïðèíÿòî ëåâûì.


Ñêàëÿðíîå ïðîèçâåäåíèå. Åâêëèäîâî ïðîñòðàíñòâî


Ïóñòü êàæäîé ïàðå âåêòîðîâ a, b ëèíåéíîãî ïðîñòðàíñòâà ïîñòàâëåíî â ñîîòâåòñòâèå ÷èñëî �EMBED Equation.2���. Ïóñòü ïðè ýòîì âûïîëíåíû àêñèîìû:


1. �EMBED Equation.2��� (êîììóòàòèâíîñòü).


2. �EMBED Equation.2��� (äèñòðèáóòèâíîñòü îòíîñèòåëüíî ñëîæåíèÿ).


3. �EMBED Equation.2��� (îäíîðîäíîñòü)


4. Åñëè äëÿ ëþáîãî âåêòîðà b ÷èñëî �EMBED Equation.2���, òî âåêòîð a åñòü íóëü-âåêòîð (íåâûðîæäåííîñòü).


Òîãäà ÷èñëî  �EMBED Equation.2��� íàçûâàåòñÿ ñêàëÿðíûì ïðîèçâåäåíèåì âåêòîðîâ a è b.


Âåêòîðû íàçûâàþòñÿ îðòîãîíàëüíûìè, åñëè èõ ñêàëÿðíîå ïðîèçâåäåíèå ðàâíî íóëþ.


Ìîäóëåì (èíà÷å, íîðìîé) âåêòîðà íàçûâàåòñÿ ÷èñëî


�EMBED Equation.2���.


Çàìå÷àíèå 2.8.1. Èç ïîñëåäíåãî îïðåäåëåíèÿ è àêñèîì ñêàëÿðíîãî ïðîèçâåäåíèÿ ñëåäóåò, ÷òî ìîäóëü ïðîèçâåäåíèÿ âåêòîðà íà ÷èñëî ðàâåí ïðîèçâåäåíèþ ìîäóëåé:


�EMBED Equation.2���,


÷òî ñîãëàñóåòñÿ ñ îïðåäåëåíèåì ïðîèçâåäåíèÿ âåêòîðà íà ÷èñëî ï. 2.1.


Ïóñòü äëÿ ñêàëÿðíîãî ïðîèçâåäåíèÿ äîïîëíèòåëüíî âûïîëíåíà àêñèîìà


5. Ñêàëÿðíûé êâàäðàò ëþáîãî âåêòîðà åñòü íåîòðèöàòåëüíîå ÷èñëî �EMBED Equation.2���, ïðè÷åì ðàâåíñòâî íóëþ âîçìîæíî òîëüêî äëÿ íóëü-âåêòîðà.


Òîãäà ëèíåéíîå ïðîñòðàíñòâî íàçûâàþò åâêëèäîâûì. Â òàêîì ïðîñòðàíñòâå ñïðàâåäëèâû íåðàâåíñòâà:


1. Êâàäðàò ñêàëÿðíîãî ïðîèçâåäåíèÿ íå ïðåâîñõîäèò ïðîèçâåäåíèÿ ñêàëÿðíûõ êâàäðàòîâ �EMBED Equation.2��� (íåðàâåíñòâî Êîøè-Øâàðöà).


2. Ìîäóëü ñóììû âåêòîðîâ íå ïðåâîñõîäèò ñóììû èõ ìîäóëåé �EMBED Equation.2��� (íåðàâåíñòâî òðåóãîëüíèêà).


Çàìå÷àíèå 2.8.2. Â åâêëèäîâîì ïðîñòðàíñòâå ìîäóëü ëþáîãî âåêòîðà åñòü íåîòðèöàòåëüíîå äåéñòâèòåëüíîå ÷èñëî. Â íååâêëèäîâûõ ïðîñòðàíñòâàõ ýòî íå òàê. Íàïðèìåð, â ïðîñòðàíñòâå Ìèíêîâñêîãî (ãèïåðáîëè÷åñêîì ïðîñòðàíñòâå) ñóùåñòâóþò áàçèñû, â êîòîðûõ ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ �EMBED Equation.2��� è �EMBED Equation.2��� ðàâíî ðàçíîñòè ïðîèçâåäåíèé ñîîòâåòñòâóþùèõ êîîðäèíàò: �EMBED Equation.2���. Ïîýòîìó ñêàëÿðíûé êâàäðàò âåêòîðà ìîæåò îêàçàòüñÿ îòðèöàòåëüíûì, è ìîäóëü âåêòîðà íå áóäåò äåéñòâèòåëüíûì ÷èñëîì (ñì. ðèñ. 2.7).


�


Ðèñ. 2.7. Ïðèìåð íååâêëèäîâà ïðîñòðàíñòâà. Â ãèïåðáîëè÷åñêîì ïðîñòðàíñòâå ñêàëÿðíûé êâàäðàò âåêòîðà ìîæåò áûòü ðàâíûì ðàçíîñòè êâàäðàòîâ ñîîòâåòñòâóþùèõ êîîðäèíàò. Ðàäèóñ-âåêòîðû âñåõ òî÷åê, ëåæàùèõ íà ãåîäåçè÷åñêîé ëèíèè h, èìåþò ðàâíûå ìîäóëè (óðàâíåíèå ãåîäåçè÷åñêîé ëèíèè �EMBED Equation.2���). Ðàäèóñ-âåêòîðû òî÷åê, ëåæàùèõ íà ëèíèÿõ a (áèññåêòðèñàõ êîîðäèíàòíûõ ÷åòâåðòåé: �EMBED Equation.2���), èìåþò íóëåâûå ìîäóëè. Ìîäóëè ðàäèóñ-âåêòîðîâ òî÷åê, íàõîäÿùèõñÿ â îáëàñòÿõ III è IV, íå ÿâëÿþòñÿ äåéñòâèòåëüíûìè ÷èñëàìè.


Ðàññòîÿíèÿ, óãëû, ïðîåêöèè


Ðàññòîÿíèåì ìåæäó òî÷êàìè A è B íàçûâàþò ìîäóëü âåêòîðà �EMBED Equation.2���:


�EMBED Equation.2���.


Èç íåðàâåíñòâà òðåóãîëüíèêà ñëåäóåò, ÷òî äëÿ òðåõ ëþáûõ òî÷åê A, B, C åâêëèäîâà ïðîñòðàíñòâà ñïðàâåäëèâî


�EMBED Equation.2���.


Èç íåðàâåíñòâà Êîøè-Øâàðöà ñëåäóåò, ÷òî äëÿ äâóõ ëþáûõ âåêòîðîâ a, b åâêëèäîâà ïðîñòðàíñòâà ñïðàâåäëèâî


�EMBED Equation.2���, èëè �EMBED Equation.2���.


Óãëîì j ìåæäó âåêòîðàìè a è b íàçûâàåòñÿ ÷èñëî, äëÿ êîòîðîãî


�EMBED Equation.2���.


Åñëè õîòÿ áû îäèí èç âåêòîðîâ a èëè b íóëåâîé, òî óãîë ìåæäó âåêòîðàìè íå îïðåäåëåí.


Îðòîì âåêòîðà a íàçûâàþò âåêòîð a0, äëÿ êîòîðîãî


�EMBED Equation.2���.


Îðò âåêòîðà – ýòî åäèíè÷íûé âåêòîð, ñîíàïðàâëåííûé ñ âåêòîðîì a. Äëÿ íàõîæäåíèÿ îðòà ñëåäóåò âåêòîð ðàçäåëèòü íà åãî ìîäóëü


�EMBED Equation.2���.


Äëÿ ëþáîãî íåíóëåâîãî âåêòîðà a åâêëèäîâà ïðîñòðàíñòâà ñïðàâåäëèâî �EMBED Equation.2���. Ïîýòîìó óãîë ìåæäó äâóìÿ ëþáûìè ñîíàïðàâëåííûìè âåêòîðàìè (ñîâïàäàþùèé ñ óãëîì ìåæäó èõ îðòàìè) ðàâåí íóëþ.


Èç àêñèîì ñêàëÿðíîãî ïðîèçâåäåíèÿ ñëåäóåò, ÷òî �EMBED Equation.2���. Ïîýòîìó óãîë ìåæäó ïðîòèâîïîëîæíî íàïðàâëåííûìè âåêòîðàìè ðàâåí p.


Ïðîåêöèåé âåêòîðà a íà âåêòîð b íàçûâàþò ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðà a íà îðò b0 âåêòîðà b


�EMBED Equation.2���,


ãäå j – óãîë ìåæäó âåêòîðàìè a è b.


Îñüþ íàçûâàåòñÿ ïðÿìàÿ l, íà êîòîðîé ôèêñèðîâàíà òî÷êà O è çàäàí îðò �EMBED Equation.2���. Ïðîåêöèåé âåêòîðà a íà îñü íàçûâàåòñÿ åãî ïðîåêöèÿ íà îðò ýòîé îñè


�EMBED Equation.2���,


ãäå j – óãîë ìåæäó âåêòîðîì a è îñüþ l.


Îïåðàöèÿ ïðîåêòèðîâàíèÿ ëèíåéíà:


1. Ïðîåêöèÿ ñóììû âåêòîðîâ ðàâíà ñóììå èõ ïðîåêöèé:


�EMBED Equation.2���.


2. Ïîñòîÿííûé ìíîæèòåëü ìîæíî âûíîñèòü çà çíàê ïðîåêöèè:


�EMBED Equation.2���.


Ýòè ñâîéñòâà ñëåäóþò èç àêñèîì ñêàëÿðíîãî ïðîèçâåäåíèÿ.


Îðòîíîðìèðîâàííûé áàçèñ. Äåêàðòîâû êîîðäèíàòû


Â åâêëèäîâîì ïðîñòðàíñòâå íàèáîëåå óäîáíî â êà÷åñòâà áàçèñà âûáðàòü òàêèå âåêòîðû u1, u2, ..., un, , äëÿ êîòîðûõ âûïîëíåíî:


�EMBED Equation.2���.


Ïîäîáíûå áàçèñû íàçûâàþò îðòîíîðìèðîâàííûìè.


Ïóñòü âåêòîðû �EMBED Equation.2��� è �EMBED Equation.2��� çàäàíû êîîðäèíàòàìè â îðòîíîðìèðîâàííîì áàçèñå. Òîãäà ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ 


�EMBED Equation.2���.


Òàêèì îáðàçîì, â îðòîíîðìèðîâàííîì áàçèñå ñêàëÿðíîå ïðîèçâåäåíèå ðàâíî ñóììå ïðîèçâåäåíèé ñîîòâåòñòâóþùèõ êîîðäèíàò.


Åñëè â åâêëèäîâîì ïðîñòðàíñòâå ôèêñèðîâàíà òî÷êà O (íà÷àëî êîîðäèíàò) è çàäàí îðòîíîðìèðîâàííûé áàçèñ, òî ãîâîðÿò, ÷òî â ïðîñòðàíñòâå çàäàíà äåêàðòîâà ñèñòåìà êîîðäèíàò.


Ïðèìåð: äåêàðòîâû êîîðäèíàòû â «îáû÷íîì» ïðîñòðàíñòâå.


Äåêàðòîâû êîîðäèíàòû â ïðîñòðàíñòâå ÿâëÿþòñÿ ñîâîêóïíîñòüþ ôèêñèðîâàííîé òî÷êè O è òðåõ îðòîâ, êîòîðûå ïðèíÿòî îáîçíà÷àòü i, j, k. Òðè ïîïàðíî îðòîãîíàëüíûå êîîðäèíàòíûå îñè (îñü àáñöèññ, îñü îðäèíàò è îñü àïïëèêàò), îïðåäåëÿåìûå ýòèìè îðòàìè, ïðèíÿòî îáîçíà÷àòü Ox, Oy, è Oz (ðèñ. 2.8).


�


Ðèñ. 2.8. Äåêàðòîâû êîîðäèíàòû â òðåõìåðíîì ïðîñòðàíñòâå. Êîýôôèöèåíòû â ðàçëîæåíèè âåêòîðà r ïî áàçèñíûì âåêòîðàì ðàâíû ïðîåêöèÿì âåêòîðà r íà îñè êîîðäèíàò.





Ïóñòü �EMBED Equation.2��� – ïðîèçâîëüíàÿ òî÷êà ïðîñòðàíñòâà, �EMBED Equation.2��� – åå ðàäèóñ-âåêòîð. Ïî îïðåäåëåíèþ, êîîðäèíàòû ðàäèóñ-âåêòîðà åñòü êîýôôèöèåíòû â ðàçëîæåíèè ïî áàçèñó


�EMBED Equation.2���.


Â òî æå âðåìÿ, ïî îïðåäåëåíèþ ïðîåêöèè


�EMBED Equation.2���; �EMBED Equation.2���; �EMBED Equation.2���.


Ïîýòîìó êîîðäèíàòû âåêòîðà r (è òî÷êè M) ÿâëÿþòñÿ ðàâíû åãî ïðîåêöèÿì íà êîîðäèíàòíûå îñè.


Âûðàæåíèå âåêòîðíûõ îïåðàöèé â äåêàðòîâûõ êîîðäèíàòàõ


Èç îïðåäåëåíèÿ áàçèñà ñëåäóåò, ÷òî äâà âåêòîðà �EMBED Equation.2��� è �EMBED Equation.2��� ðàâíû òîãäà è òîëüêî òîãäà, êîãäà ðàâíû èõ ñîîòâåòñòâóþùèå êîîðäèíàòû:


�EMBED Equation.2���.


Âîïðîñ î êîîðäèíàòàõ ñóììû âåêòîðîâ è êîîðäèíàòàõ ïðîèçâåäåíèÿ âåêòîðà íà ÷èñëî ðåøàåò òåîðåìà ï. 2.2.:


 �EMBED Equation.2��� 


�EMBED Equation.2���.


Åñëè äâà âåêòîðà �EMBED Equation.2��� è �EMBED Equation.2��� äàíû êîîðäèíàòàìè â îðòîíîðìèðîâàííîì (äåêàðòîâîì) áàçèñå åâêëèäîâà ïðîñòðàíñòâà, òî èõ ñêàëÿðíîå ïðîèçâåäåíèå ðàâíî ñóììå ïðîèçâåäåíèé ñîîòâåòñòâóþùèõ êîîðäèíàò (ñì. ï. 2.5):


�EMBED Equation.2���.


Äëèíà âåêòîðà �EMBED Equation.2��� åñòü êîðåíü êâàäðàòíûé èç åãî ñêàëÿðíîãî êâàäðàòà:


�EMBED Equation.2���.


Ðàññòîÿíèå ìåæäó òî÷êàìè �EMBED Equation.2��� è �EMBED Equation.2��� åñòü ìîäóëü âåêòîðà �EMBED Equation.2���:


�EMBED Equation.2���.


Âåêòîðíîå è ñìåøàííîå ïðîèçâåäåíèÿ


Ïóñòü â òðåõìåðíîì åâêëèäîâîì ïðîñòðàíñòâå íåêîòîðûé áàçèñ ïðèíÿò çà èñõîäíûé. Âåêòîðíûì ïðîèçâåäåíèåì âåêòîðîâ r1 è r2 íàçûâàþò âåêòîð �EMBED Equation.2���, òàêîé ÷òî:


�EMBED Equation.2���, ãäå j – óãîë ìåæäó r1 è r2;


�EMBED Equation.2��� îðòîãîíàëåí êàê âåêòîðó r1, òàê è âåêòîðó r2;


òðîéêà âåêòîðîâ r1, r2 è �EMBED Equation.2��� îðèåíòèðîâàíà òàêæå, êàê îðòû áàçèñà.


Åñëè r1 è r2 êîëëèíåàðíû, òî �EMBED Equation.2���.


Èç îïðåäåëåíèÿ ñëåäóþò ñâîéñòâà:


1. Ìîäóëü âåêòîðíîãî ïðîèçâåäåíèÿ �EMBED Equation.2��� ðàâåí ïëîùàäè ïàðàëëåëîãðàììà, ïîñòðîåííîãî íà âåêòîðàõ r1 è r2.


2. Âåêòîðû r1 è r2 êîëëèíåàðíû òîãäà è òîëüêî òîãäà, êîãäà èõ âåêòîðíîå ïðîèçâåäåíèå ðàâíî íóëþ �EMBED Equation.2���.


3. Âåêòîðíîå ïðîèçâåäåíèå àíòèêîììóòàòèâíî: �EMBED Equation.2���.


4. Ñêàëÿðíûé ìíîæèòåëü ìîæíî âûíîñèòü çà çíàê âåêòîðíîãî ïðîèçâåäåíèÿ: �EMBED Equation.2���.


5. Âåêòîðíîå ïðîèçâåäåíèå äèñòðèáóòèâíî îòíîñèòåëüíî ñëîæåíèÿ âåêòîðîâ: �EMBED Equation.2���.


Ïóñòü i, j, k – îðòû áàçèñà. Òîãäà:


�EMBED Equation.2���; �EMBED Equation.2���; �EMBED Equation.2���;


�EMBED Equation.2���.


Ïóñòü ñîìíîæèòåëè çàäàíû êîîðäèíàòàìè â îðòîíîðìèðîâàííîì áàçèñå:


�EMBED Equation.2���;


�EMBED Equation.2���.


Êîîðäèíàòû âåêòîðíîãî ïðîèçâåäåíèÿ �EMBED Equation.2��� ðàâíû:


�EMBED Equation.2���


�EMBED Equation.2���


�EMBED Equation.2���


�EMBED Equation.2���


Ïðàâóþ ÷àñòü ìîæíî çàïèñàòü â âèäå îïðåäåëèòåëÿ:


�EMBED Equation.2���;


êîîðäèíàòû âåêòîðíîãî ïðîèçâåäåíèÿ ìîæíî íàéòè, ðàñêðûâàÿ äàííûé îïðåäåëèòåëü ïî ïåðâîé ñòðîêå.


Ñìåøàííûì (âåêòîðíî - ñêàëÿðíûì) ïðîèçâåäåíèåì òðåõ âåêòîðîâ r1, r2 è r3 íàçûâàåòñÿ ÷èñëî, ðàâíîå ñêàëÿðíîìó ïðîèçâåäåíèþ âåêòîðà r3 íà âåêòîðíîå ïðîèçâåäåíèå âåêòîðîâ r1 è r2:


�EMBED Equation.2���.


Çàìå÷àíèå 2.12.1. Íè ñêîáîê, íè îïðåäåëåíèÿ ïðèîðèòåòîâ â çàïèñè �EMBED Equation.2��� íå òðåáóåòñÿ, òàê êàê âû÷èñëåíèå ìîæíî âûïîëíèòü åäèíñòâåííûì ñïîñîáîì.


Åñëè ñîìíîæèòåëè çàäàíû êîîðäèíàòàìè â îðòîíîðìèðîâàííîì áàçèñå, òî


�EMBED Equation.2���.


Ñâîéñòâà ñìåøàííîãî ïðîèçâåäåíèÿ.


1. Ñìåøàííîå ïðîèçâåäåíèå (ñ òî÷íîñòüþ äî çíàêà) ðàâíî îáúåìó ïàðàëëåëåïèïåäà, ïîñòðîåííîãî íà ñîìíîæèòåëÿõ.


2. Òðè âåêòîðà êîìïëàíàðíû òîãäà è òîëüêî òîãäà, êîãäà èõ ñìåøàííîå ïðîèçâåäåíèå ðàâíî íóëþ.


3. Ñìåøàííîå ïðîèçâåäåíèå íå ìåíÿåòñÿ ïðè öèêëè÷åñêîé ïåðåñòàíîâêå ñîìíîæèòåëåé: �EMBED Equation.2���.


4. Ïðè ïåðåñòàíîâêå äâóõ ñîìíîæèòåëåé ñìåøàííîå ïðîèçâåäåíèå ìåíÿåò çíàê: �EMBED Equation.2���.
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