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�





Ðèñ. 6.1


Ïóñòü íà îòðåçêå �EMBED Equation.2��� îñè Ox çàäàíà íåîòðèöàòåëüíàÿ íåïðåðûâíàÿ ôóíêöèÿ �EMBED Equation.2���. Êðèâîëèíåéíîé òðàïåöèåé íàçûâàåòñÿ ïëîñêàÿ îáëàñòü, îãðàíè÷åííàÿ îòðåçêîì �EMBED Equation.2���, ãðàôèêîì ôóíêöèè �EMBED Equation.2���, è ïðÿìûìè �EMBED Equation.2���, �EMBED Equation.2��� (ðèñ. 6.1).


Ðàçîáüåì îòðåçîê �EMBED Equation.2��� òî÷êàìè x0 = a, x1, ..., xn = b íà n ïîïàðíî - íåïåðåñåêàþùèõñÿ ÷àñòè÷íûõ îòðåçêîâ ñ äëèíàìè �EMBED Equation.2���, Dx2, ..., Dxn. Ïàðàìåòðîì ðàçáèåíèÿ l íàçîâåì íàèáîëüøóþ èç äëèí ÷àñòè÷íûõ îòðåçêîâ:


l=max{Dxi}.


Â êàæäîì îòðåçêå âûáåðåì ïðîèçâîëüíî òî÷êó �EMBED Equation.2���. Ïëîùàäü êðèâîëèíåéíîé òðàïåöèè ïðèáëèæåííî ðàâíà ñóììå ïëîùàäåé ïðÿìîóãîëüíèêîâ ñ îñíîâàíèÿìè �EMBED Equation.2��� è âûñîòàìè �EMBED Equation.2���:


�EMBED Equation.2���.


Äàííàÿ ñóììà íîñèò íàçâàíèå èíòåãðàëüíîé ñóììû äëÿ ôóíêöèè �EMBED Equation.2��� íà îòðåçêå �EMBED Equation.2���.


Èñêîìàÿ ïëîùàäü ðàâíà ïðåäåëó, ê êîòîðîìó ñòðåìèòüñÿ èíòåãðàëüíàÿ ñóììà ïðè ñòðåìëåíèè ïàðàìåòðà ðàçáèåíèÿ ê íóëþ:


�EMBED Equation.2���.


Ìàññà íåîäíîðîäíîé íèòè


Ïóñòü íà îñè Ox ðàñïîëîæåíà íèòü, çàíèìàþùàÿ îòðåçîê �EMBED Equation.2���. Ëèíåéíîé ïëîòíîñòüþ â òî÷êå x íàçîâåì ïðåäåë, ê êîòîðîìó ñòðåìèòñÿ îòíîøåíèå ìàññû m îêðåñòíîñòè ýòîé òî÷êè ê äëèíå Dx îêðåñòíîñòè ïðè ñòðåìëåíèè äëèíû îêðåñòíîñòè ê íóëþ:


�EMBED Equation.2���.


Ðàçîáüåì îòðåçîê �EMBED Equation.2��� íà n ÷àñòè÷íûõ îòðåçêîâ �EMBED Equation.2��� è â êàæäîì îòðåçêå âûáåðåì òî÷êó �EMBED Equation.2���; ïàðàìåòðîì ðàçáèåíèÿ l íàçîâåì íàèáîëüøóþ èç äëèí ÷àñòè÷íûõ îòðåçêîâ. Òîãäà ìàññà íèòè ìîæåò áûòü íàéäåíà êàê ïðåäåë, ê êîòîðîìó ñòðåìèòñÿ èíòåãðàëüíàÿ ñóììà äëÿ ëèíåéíîé ïëîòíîñòè íà îòðåçêå �EMBED Equation.2��� ïðè ñòðåìëåíèè ïàðàìåòðà ðàçáèåíèÿ ê íóëþ:


�EMBED Equation.2���.


Îïðåäåëåííûé èíòåãðàë è åãî ñâîéñòâà


Ïóñòü íà îòðåçêå �EMBED Equation.2��� îñè Ox çàäàíà ïðîèçâîëüíàÿ ôóíêöèÿ �EMBED Equation.2���. Ðàçîáüåì îòðåçîê �EMBED Equation.2��� òî÷êàìè x0 = a, x1, ..., xn = b è ñîñòàâèì äëÿ ôóíêöèè �EMBED Equation.2��� èíòåãðàëüíóþ ñóììó


�EMBED Equation.2���.


Åñëè ïðè ñòðåìëåíèè ïàðàìåòðà ðàçáèåíèÿ ê íóëþ ñóùåñòâóåò êîíå÷íûé ïðåäåë èíòåãðàëüíîé ñóììû, íå çàâèñÿùèé íè îò ñïîñîáà ðàçáèåíèÿ, íè îò âûáîðà òî÷åê �EMBED Equation.2���, òî ýòîò ïðåäåë íàçûâàåòñÿ îïðåäåëåííûì èíòåãðàëîì (èíòåãðàëîì Ðèìàíà) îò ôóíêöèè �EMBED Equation.2��� íà îòðåçêå �EMBED Equation.2���:


�EMBED Equation.2���.


Ïðè ýòîì ãîâîðÿò, ÷òî ôóíêöèÿ �EMBED Equation.2��� ÿâëÿåòñÿ èíòåãðèðóåìîé íà îòðåçêå �EMBED Equation.2���. Ëåâóþ ãðàíèöó îòðåçêà �EMBED Equation.2��� íàçûâàþò íèæíèì ïðåäåëîì èíòåãðèðîâàíèÿ, ïðàâóþ ãðàíèöó îòðåçêà �EMBED Equation.2��� – âåðõíèì ïðåäåëîì èíòåãðèðîâàíèÿ.


Äîñòàòî÷íûì óñëîâèåì èíòåãðèðóåìîñòè ÿâëÿåòñÿ íåïðåðûâíîñòü, îäíàêî èíòåãðèðóåìàÿ ôóíêöèÿ ìîæåò è íå ÿâëÿòüñÿ íåïðåðûâíîé.


Åñëè ïðåäåëû èíòåãðèðîâàíèÿ ñîâïàäàþò, òî äëÿ ëþáîé ôóíêöèè �EMBED Equation.2��� ïî îïðåäåëåíèþ ïîëàãàþò


�EMBED Equation.2���.


Çàìå÷àíèå 6.2.1. Â ïîñëåäíåé ôîðìóëå ñóùåñòâåííî âàæíûì ÿâëÿåòñÿ ñòðîãîå ðàâåíñòâî ïðåäåëîâ èíòåãðèðîâàíèÿ, ò.ê. ñóùåñòâóþò ôóíêöèè, äëÿ êîòîðûõ èíòåãðàë �EMBED Equation.2��� ñîõðàíÿåò ïîñòîÿííîå, íå çàâèñÿùåå îò e çíà÷åíèå ïðè ñêîëü óãîäíî ìàëîì e.


Åñëè âåðõíèé ïðåäåë b ìåíüøå íèæíåãî ïðåäåëà a, òî ïî îïðåäåëåíèþ


�EMBED Equation.2���.


Îïðåäåëåííûé èíòåãðàë ÿâëÿåòñÿ ïðåäåëîì èíòåãðàëüíîé ñóììû, ïîýòîìó åãî ñâîéñòâà â îñíîâíîì ïîâòîðÿþò ñîîòâåòñòâóþùèå ñâîéñòâà ñóìì.


1. Ëèíåéíîñòü è îäíîðîäíîñòü èíòåãðàëà: ïóñòü �EMBED Equation.2���, �EMBED Equation.2��� – èíòåãðèðóåìûå ôóíêöèè, a – âåëè÷èíà, íå çàâèñÿùàÿ îò ïåðåìåííîé èíòåãðèðîâàíèÿ. Òîãäà ñóììà �EMBED Equation.2��� è ïðîèçâåäåíèå �EMBED Equation.2��� òàêæå ÿâëÿþòñÿ èíòåãðèðóåìûìè ôóíêöèÿìè, ïðè÷åì


�EMBED Equation.2���; �EMBED Equation.2���.


2. Àääèòèâíîñòü èíòåãðàëà: ïðè ëþáîì ðàñïîëîæåíèè òî÷åê a, b, c ñïðàâåäëèâî


�EMBED Equation.2���.


3. Îáîçíà÷åíèå ïåðåìåííîé èíòåãðèðîâàíèÿ ìîæåò áûòü ïðîèçâîëüíûì (ïåðåìåííàÿ èíòåãðèðîâàíèÿ ÿâëÿåòñÿ íåìîé, ïîäîáíî èíäåêñó ñóììèðîâàíèÿ):


�EMBED Equation.2���.


4. Èíòåãðàë îò íåîòðèöàòåëüíîé ôóíêöèè íåîòðèöàòåëåí.


5. Ìîäóëü èíòåãðàëà íå ïðåâîñõîäèò èíòåãðàëà îò ìîäóëÿ ïîäûíòåãðàëüíîé ôóíêöèè:


�EMBED Equation.2���.


6. Åñëè �EMBED Equation.2���, �EMBED Equation.2��� – èíòåãðèðóåìûå íà îòðåçêå �EMBED Equation.2��� ôóíêöèè, ïðè÷åì â ëþáîé òî÷êå x îòðåçêà ñïðàâåäëèâî �EMBED Equation.2���, òî


�EMBED Equation.2���.


7. Åñëè íà îòðåçêå �EMBED Equation.2��� ôóíêöèÿ �EMBED Equation.2��� äîñòèãàåò íàèáîëüøåãî M è íàèìåíüøåãî m çíà÷åíèé, òî ñïðàâåäëèâà îöåíêà èíòåãðàëà:


�EMBED Equation.2���.


8. Òåîðåìà î ñðåäíåì: åñëè ôóíêöèÿ �EMBED Equation.2��� íåïðåðûâíà íà îòðåçêå �EMBED Equation.2��� è äîñòèãàåò â òî÷êàõ �EMBED Equation.2��� è �EMBED Equation.2��� ñâîåãî íàèìåíüøåãî è íàèáîëüøåãî çíà÷åíèé, òî ñóùåñòâóåò òî÷êà �EMBED Equation.2���, �EMBED Equation.2���, òàêàÿ, ÷òî 


�EMBED Equation.2���.


Ôîðìóëà Íüþòîíà-Ëåéáíèöà


Âû÷èñëåíèå èíòåãðàëîâ íåïîñðåäñòâåííî ïî îïðåäåëåíèþ ÿâëÿåòñÿ âåñüìà ñëîæíîé çàäà÷åé äàæå äëÿ ïðîñòåéøèõ ïîäûíòåãðàëüíûõ ôóíêöèé. Ïîýòîìó îäíîé èç âàæíåéøèõ çàâèñèìîñòåé èíòåãðàëüíîãî èñ÷èñëåíèÿ ÿâëÿåòñÿ çàâèñèìîñòü ìåæäó çíà÷åíèåì îïðåäåëåííîãî èíòåãðàëà è çíà÷åíèÿìè ïåðâîîáðàçíîé äëÿ ïîäûíòåãðàëüíîé ôóíêöèè.


Ïóñòü �EMBED Equation.2��� – íåïðåðûâíàÿ íà îòðåçêå �EMBED Equation.2��� ôóíêöèÿ. Òîãäà ïðè ëþáîì �EMBED Equation.2��� ñóùåñòâóåò èíòåãðàë 


�EMBED Equation.2���,


ÿâëÿþùèéñÿ ôóíêöèåé ñâîåãî âåðõíåãî ïðåäåëà.


Òåîðåìà. Ôóíêöèÿ �EMBED Equation.2��� ÿâëÿåòñÿ ïåðâîîáðàçíîé äëÿ ïîäûíòåãðàëüíîé ôóíêöèè:


�EMBED Equation.2���.


Äîêàçàòåëüñòâî. Ïóñòü âåðõíèé ïðåäåë ïîëó÷àåò ïðèðàùåíèå Dx; òîãäà ïðèðàùåíèå èíòåãðàëà ñîñòàâèò:


�EMBED Equation.2���


�EMBED Equation.2���.


Ïðèìåíÿÿ ê ïîñëåäíåìó èíòåãðàëó òåîðåìó î ñðåäíåì, ïîëó÷èì:


�EMBED Equation.2���, ãäå �EMBED Equation.2���.


Ïî îïðåäåëåíèþ ïðîèçâîäíîé:


�EMBED Equation.2���.


Òàê êàê ïðè �EMBED Equation.2��� òî÷êà �EMBED Equation.2��� ñòðåìèòñÿ ê òî÷êå x, òî


�EMBED Equation.2���.


Ïî óñëîâèþ òåîðåìû, ôóíêöèÿ �EMBED Equation.2��� íåïðåðûâíà íà îòðåçêå �EMBED Equation.2���. Ñëåäîâàòåëüíî, îíà íåïðåðûâíà â òî÷êå x. Ïîýòîìó


�EMBED Equation.2���, ÷.ò.ä.


Òåîðåìà. Åñëè �EMBED Equation.2���– ïåðâîîáðàçíàÿ íåïðåðûâíîé ôóíêöèè �EMBED Equation.2���, òî ñïðàâåäëèâà ôîðìóëà  Íüþòîíà-Ëåéáíèöà:


�EMBED Equation.2���.


Äîêàçàòåëüñòâî. Ïóñòü �EMBED Equation.2��� – êàêàÿ-ëèáî ïåðâîîáðàçíàÿ ôóíêöèè �EMBED Equation.2���. Èíòåãðàë �EMBED Equation.2��� òàêæå ÿâëÿåòñÿ ïåðâîîáðàçíîé äëÿ ôóíêöèè �EMBED Equation.2���, ïîýòîìó îíè îòëè÷àþòñÿ íà êîíñòàíòó:


�EMBED Equation.2���.


Äëÿ îïðåäåëåíèÿ ýòîé êîíñòàíòû ïîëîæèì x = a:


�EMBED Equation.2���, �EMBED Equation.2���, �EMBED Equation.2���,


ñëåäîâàòåëüíî


�EMBED Equation.2���.


Ïîëàãàÿ âåðõíèé ïðåäåë ðàâíûì b è èçìåíÿÿ îáîçíà÷åíèå ïåðåìåííîé èíòåãðèðîâàíèÿ, ïîëó÷èì:


�EMBED Equation.2���, ÷.ò.ä.


Äëÿ îáîçíà÷åíèÿ ðàçíîñòè â ïðàâîé ÷àñòè ôîðìóëû Íüþòîíà-Ëåéáíèöà èñïîëüçóþò çíàê äâîéíîé ïîäñòàíîâêè:


�EMBED Equation.2���.


Ïðèìåðû.


�EMBED Equation.2���;


�EMBED Equation.2���.


Âû÷èñëåíèå îïðåäåëåííîãî èíòåãðàëà


Ïåðâîîáðàçíàÿ â ïðàâîé ÷àñòè ôîðìóëû Íüþòîíà-Ëåéáíèöà ìîæåò áûòü íàéäåíà ëþáûì èç èçâåñòíûõ ñïîñîáîâ. Ïðè ýòîì çíà÷åíèå ïðîèçâîëüíîé ïîñòîÿííîé â çàïèñè íåîïðåäåëåííîãî èíòåãðàëà


�EMBED Equation.2���


íå îêàçûâàåò âëèÿíèÿ íà ðåçóëüòàò âû÷èñëåíèÿ îïðåäåëåííîãî èíòåãðàëà, òàê êàê â ïðàâîé ÷àñòè ôîðìóëû Íüþòîíà-Ëåéáíèöà ïðîèçâîëüíàÿ ïîñòîÿííàÿ ïðèâîäèòñÿ:


�EMBED Equation.2���.


Åñëè îòûñêàíèå ïåðâîîáðàçíîé íå ñîïðîâîæäàåòñÿ ãðîìîçäêèìè âûêëàäêàìè, òî âû÷èñëåíèå îïðåäåëåííîãî èíòåãðàëà óäîáíî çàïèñûâàòü â âèäå ïîñëåäîâàòåëüíîñòè ïðåîáðàçîâàíèé, âêëþ÷àþùèõ êàê íàõîæäåíèå ïåðâîîáðàçíîé, òàê è ïðèìåíåíèå ôîðìóëû Íüþòîíà-Ëåéáíèöà. Íàïðèìåð:


�EMBED Equation.2���


�EMBED Equation.2���.


Ïðè âûïîëíåíèè çàìåíû ïåðåìåííîé ñëåäóåò èëè äî âûïîëíåíèÿ äâîéíîé ïîäñòàíîâêè âåðíóòüñÿ ê èñõîäíîé ïåðåìåííîé, èëè èçìåíèòü çíà÷åíèÿ ïðåäåëîâ èíòåãðèðîâàíèÿ:


�EMBED Equation.2���.


Â ïîñëåäíåì ñëó÷àå íåîáõîäèìî íàéòè îòðåçîê �EMBED Equation.2���, êîòîðûé äîëæíà ïðîéòè íîâàÿ ïåðåìåííàÿ t, ÷òîáû ñâÿçàííàÿ ñ íåé èñõîäíàÿ ïåðåìåííàÿ x ïðîøëà îòðåçîê �EMBED Equation.2���:


�EMBED Equation.2���.


Ïðèìåð.


�EMBED Equation.2���


�EMBED Equation.2���.


Çíà÷åíèÿ ïðåäåëîâ èíòåãðèðîâàíèÿ íàõîäÿòñÿ èç óñëîâèé:


�EMBED Equation.2���,


îòêóäà: �EMBED Equation.2���. Òîãäà:


�EMBED Equation.2���.


Òîò æå ðåçóëüòàò ìîæíî ïîëó÷èòü áåç íàõîæäåíèÿ íîâûõ ïðåäåëîâ èíòåãðèðîâàíèÿ. Äëÿ ýòîãî äîñòàòî÷íî â çàïèñè ïåðâîîáðàçíîé âåðíóòüñÿ ê èñõîäíîé ïåðåìåííîé:


�EMBED Equation.2���


�EMBED Equation.2���.


Ïóòü u(x) è v(x) — äèôôåðåíöèðóåìûå ôóíêöèè. Òîãäà:


�EMBED Equation.2���.


Èíòåãðèðóÿ îáå ÷àñòè â ïðåäåëàõ îò a äî b, ïîëó÷èì:


�EMBED Equation.2���.


Òàê êàê �EMBED Equation.2���, òî:


�EMBED Equation.2���.


Òàêèì îáðàçîì, âèä ôîðìóëû èíòåãðèðîâàíèÿ ïî ÷àñòÿì äëÿ îïðåäåëåííîãî èíòåãðàëà èçìåíÿåòñÿ. Ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè ÿâëÿåòñÿ ÷èñëîì, ïîëó÷åííûì â ðåçóëüòàòå ïðèìåíåíèÿ äâîéíîé ïîäñòàíîâêè ê ñîîòâåòñòâóþùåìó ñëàãàåìîìó ôîðìóëû èíòåãðèðîâàíèÿ ïî ÷àñòÿì äëÿ íåîïðåäåëåííîãî èíòåãðàëà.


Íàïðèìåð:


�EMBED Equation.2���.


Òîò æå ðåçóëüòàò ìîæíî ïîëó÷èòü, îôîðìèâ íàõîæäåíèå ïåðâîîáðàçíîé ïîäûíòåãðàëüíîé ôóíêöèè â âèäå îòäåëüíîãî øàãà:


�EMBED Equation.2���, òîãäà �EMBED Equation.2���.


Åñëè ïðåäåëû èíòåãðèðîâàíèÿ ñèììåòðè÷íû îòíîñèòåëüíî íà÷àëà êîîðäèíàò è ïîäûíòåãðàëüíàÿ ôóíêöèÿ �EMBED Equation.2��� ÿâëÿåòñÿ ÷åòíîé, òî


�EMBED Equation.2���.


Èíòåãðàë îò íå÷åòíîé ôóíêöèè â ñèììåòðè÷íûõ ïðåäåëàõ ðàâåí íóëþ:


�EMBED Equation.2���.


Èíòåãðàë îò ïåðèîäè÷åñêîé ôóíêöèè �EMBED Equation.2��� íå èçìåíèòñÿ ïðè ïàðàëëåëüíîì ïåðåíîñå îòðåçêà èíòåãðèðîâàíèÿ íà âåëè÷èíó, êðàòíóþ ïåðèîäó:


�EMBED Equation.2���, �EMBED Equation.2���.


Îòûñêàíèå èíòåãðàëüíûõ çíà÷åíèé ðàñïðåäåëåííûõ ïàðàìåòðîâ (îáùàÿ ñõåìà ïðèìåíåíèÿ îïðåäåëåííîãî èíòåãðàëà)


Îïðåäåëåííûé èíòåãðàë ÿâëÿåòñÿ ïðåäåëîì èíòåãðàëüíîé ñóììû. Â ïðèêëàäíûõ çàäà÷àõ îí âîçíèêàåò òîãäà, êîãäà â ïðîöåññå àíàëèçà ïîÿâëÿåòñÿ ñóììà, ïî ôîðìå ñîâïàäàþùàÿ ñ èíòåãðàëüíîé.


Ïðèìåð 1: Çàêîí äâèæåíèÿ. ×àñòèöà äâèæåòñÿ ïðÿìîëèíåéíî è ðàâíîóñêîðåííî. Íàéòè çàâèñèìîñòü êîîðäèíàòû îò âðåìåíè, åñëè èçâåñòíî, ÷òî â íà÷àëüíûé ìîìåíò âðåìåíè �EMBED Equation.2��� ÷àñòèöà íàõîäèëàñü â òî÷êå �EMBED Equation.2��� è èìåëà ñêîðîñòü �EMBED Equation.2���.


Ïóñòü t – ïðîèçâîëüíûé ìîìåíò âðåìåíè. Ðàçîáüåì îòðåçîê âðåìåíè �EMBED Equation.2��� íà ìàëûå îòðåçêè �EMBED Equation.2��� è íà êàæäîì îòðåçêå âûáåðåì ïðîèçâîëüíî òî÷êó ti. Ïðèðàùåíèå ñêîðîñòè íà îòðåçêå �EMBED Equation.2��� ïðèáëèæåííî ïðåäñòàâèòñÿ èíòåãðàëüíîé ñóììîé


�EMBED Equation.2���,


ñëåäîâàòåëüíî


�EMBED Equation.2���, �EMBED Equation.2���.


Àíàëîãè÷íî, ïðèðàùåíèå êîîðäèíàòû íà îòðåçêå �EMBED Equation.2��� ïðèáëèæåííî ðàâíî ñóììå ïðèðàùåíèé íà âñåõ ÷àñòè÷íûõ îòðåçêàõ


�EMBED Equation.2���,


îòêóäà


�EMBED Equation.2���, �EMBED Equation.2���.


Ïðè ðåøåíèè çàäà÷ èíòåãðàëüíûå ñóììû îáû÷íî íå âûïèñûâàþò ÿâíî. Âìåñòî ýòîãî ðàññóæäåíèÿ âåäóò â êîíå÷íûõ ïðèðàùåíèÿõ, çàïèñûâàÿ âñþäó âìåñòî íèõ äèôôåðåíöèàëû. Êîíå÷íîé öåëüþ ðàññóæäåíèé, âûïîëíÿåìûõ â òåðìèíàõ ïðèêëàäíîé îáëàñòè, ÿâëÿåòñÿ ïîëó÷åíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ðàçäåëåííûìè ïåðåìåííûìè âèäà


�EMBED Equation.2���,


â ëåâîé ÷àñòè êîòîðîãî íàõîäèòñÿ òîëüêî äèôôåðåíöèàë èñêîìîé âåëè÷èíû, à â ïðàâîé – äèôôåðåíöèàë òîé âåëè÷èíû, äëÿ êîòîðîé èç óñëîâèÿ çàäà÷è î÷åâèäíû ïðåäåëû èçìåíåíèÿ. Èñêîìàÿ âåëè÷èíà èùåòñÿ êàê èíòåãðàë


�EMBED Equation.2���.


Ïðèìåð 2: Èñõîäÿ èç ñîîòíîøåíèÿ äëÿ êèíåòè÷åñêîé ýíåðãèè ÷àñòèöû �EMBED Equation.2���, íàéòè êèíåòè÷åñêóþ ýíåðãèþ îäíîðîäíîãî äèñêà ðàäèóñà R, âûñîòû H è ìàññû M, êîòîðûé âðàùàåòñÿ ñ óãëîâîé ñêîðîñòüþ �EMBED Equation.2��� âîêðóã îñè, ïðîõîäÿùåé ÷åðåç öåíòð ïåðïåíäèêóëÿðíî îñíîâàíèþ.


Îòäåëüíûå ó÷àñòêè äèñêà èìåþò ðàçëè÷íóþ ëèíåéíóþ ñêîðîñòü, ïîýòîìó íåïîñðåäñòâåííîå èñïîëüçîâàíèå ñîîòíîøåíèÿ äëÿ êèíåòè÷åñêîé ýíåðãèè ÷àñòèöû íåâîçìîæíî.


�


Ðèñ. 6.2. Ê íàõîæäåíèþ êèíåòè÷åñêîé�ýíåðãèè âðàùàþùåãîñÿ äèñêà


Ðàçîáüåì äèñê íà àêñèàëüíî - ñèììåòðè÷íûå îáëàñòè ðàäèóñà r è áåñêîíå÷íî ìàëîé «òîëùèíû» dr (ðèñ. 6.2). Â ïðåäåëàõ êàæäîé îáëàñòè ëèíåéíàÿ ñêîðîñòü �EMBED Equation.2��� ïîñòîÿííà, ïîýòîìó


�EMBED Equation.2���,


ãäå r – ïëîòíîñòü äèñêà, �EMBED Equation.2��� – îáúåì êîëüöåâîé îáëàñòè, H –âûñîòà äèñêà, dr – òîëùèíà êîëüöåâîé îáëàñòè.


Ýíåðãèþ äèñêà íàéäåì, èíòåãðèðóÿ ïî ïåðåìåííîé r îò 0 äî R (ãäå R – ðàäèóñ äèñêà):


�EMBED Equation.2���,


ãäå M – ìàññà äèñêà, �EMBED Equation.2��� – åãî ìîìåíò èíåðöèè.


Ïëîùàäè è îáúåìû


Åñëè ôóíêöèÿ �EMBED Equation.2��� íà èíòåðâàëå [a;b] íåîòðèöàòåëüíà, òî ïëîùàäü êðèâîëèíåéíîé òðàïåöèè, îãðàíè÷åííîé ãðàôèêîì ôóíêöèè, ïðÿìûìè x=a è x=b, è îñüþ àáñöèññ, ðàâíà:


�EMBED Equation.2���.


Åñëè ôóíêöèÿ f(x) íà èíòåðâàëå [a;b] íåïîëîæèòåëüíà:


�EMBED Equation.2���.


Òàêèì îáðàçîì, âåëè÷èíà îïðåäåëåííîãî èíòåãðàëà ñîîòâåòñòâóåò «àëãåáðàè÷åñêîé» (çíàêîâîé) ïëîùàäè.


Ïëîùàäü ôèãóðû, îãðàíè÷åííîé ãðàôèêàìè ôóíêöèé f1(x), f2(x), è ïðÿìûìè x=a è x=b, ðàâíà:


�EMBED Equation.2���.


�


Ðèñ. 6.3


Åñëè êðèâûå f1(x) è f2(x) íà èíòåðâàëå (a;b) ïåðåñåêàþòñÿ â òî÷êàõ x1, x2, ... xn, òî èñêîìàÿ ïëîùàäü ìîæåò áûòü íàéäåíà êàê ñóììà ìîäóëåé èíòåãðàëîâ íà èíòåðâàëàõ [a;x1], [x1;x2], ... [xn;b].


Ïóñòü ïëîùàäü ñå÷åíèé íåêîòîðîãî òåëà ïëîñêîñòüþ, ïåðïåíäèêóëÿðíîé îñè Ox èçâåñòíà è ðàâíà �EMBED Equation.2��� (ðèñ. 6.3) Òîãäà îáúåì òåëà, çàêëþ÷åííûé ìåæäó ïëîñêîñòÿìè x=a è x=b, ðàâåí:


�EMBED Equation.2���.


Â ÷àñòíîñòè, åñëè òåëî îáðàçîâàíî âðàùåíèåì êðèâîé �EMBED Equation.2��� âîêðóã îñè àáñöèññ, òî îáúåì òåëà:


�EMBED Equation.2���.


Ïðèìåð. Íàéòè îáúåì êîíóñà, îáðàçîâàííîãî âðàùåíèåì ãðàôèêà ôóíêöèè y=x âîêðóã îñè àáñöèññ, è îãðàíè÷åííîãî ïëîñêîñòÿìè x = 0 è x = 1.


Èñêîìûé îáúåì ðàâåí:


�EMBED Equation.2���.


Íåñîáñòâåííûå èíòåãðàëû


Åñëè îòðåçîê èíòåãðèðîâàíèÿ êîíå÷åí è ïîäûíòåãðàëüíàÿ ôóíêöèÿ íà íåì îãðàíè÷åííà, òî îïðåäåëåííûé èíòåãðàë íàçûâàþò èíòåãðàëîì â ñîáñòâåííîì ñìûñëå.


Åñëè èíòåðâàë èíòåãðèðîâàíèÿ áåñêîíå÷åí, òî èíòåãðàë íàçûâàþò íåñîáñòâåííûì èíòåãðàëîì ïåðâîãî ðîäà. Ïðèìåðîì òàêîãî èíòåãðàëà ÿâëÿåòñÿ


�EMBED Equation.2���,


â êîòîðîì ôóíêöèÿ �EMBED Equation.2��� îãðàíè÷åííà íà èíòåðâàëå �EMBED Equation.2���.


Åñëè ïîäûíòåãðàëüíàÿ ôóíêöèÿ íà îòðåçêå èëè èíòåðâàëå èíòåãðèðîâàíèÿ íåîãðàíè÷åííà, òî èíòåãðàë íàçûâàþò íåñîáñòâåííûì èíòåãðàëîì âòîðîãî ðîäà. Ïðèìåðîì òàêîãî èíòåãðàëà ÿâëÿåòñÿ èíòåãðàë


�EMBED Equation.2���.


Íåñîáñòâåííûé èíòåãðàë âòîðîãî ðîäà íàäëåæàùåé çàìåíîé ìîæíî ñâåñòè ê íåñîáñòâåííîìó èíòåãðàëó ïåðâîãî ðîäà. Íàïðèìåð


�EMBED Equation.2���.


Ïðè èññëåäîâàíèè íåñîáñòâåííûõ èíòåãðàëîâ âûïîëíÿþò èñêëþ÷åíèå îñîáåííîñòè: ðàçáèâàþò èíòåãðàë íà ñóììó èíòåãðàëîâ, ÷àñòü èç êîòîðûõ áåðåòñÿ ïî èíòåðâàëàì, «ïî÷òè» ñîâïàäàþùèì ñ èñõîäíûì èíòåðâàëîì èíòåãðèðîâàíèÿ, íî íå ñîäåðæàùèì îñîáåííîñòåé.


Ðàññìîòðèì èíòåãðàë


�EMBED Equation.2���.


Åñëè ñóùåñòâóåò êîíå÷íûé ïðåäåë


�EMBED Equation.2���,


òî íåñîáñòâåííûé èíòåãðàë �EMBED Equation.2��� íàçûâàþò ñõîäÿùèìñÿ, à çíà÷åíèå ïðåäåëà ïðèíèìàþò â êà÷åñòâå çíà÷åíèÿ íåñîáñòâåííîãî èíòåãðàëà. Åñëè ïðåäåë íå ñóùåñòâóåò èëè áåñêîíå÷åí, òî íåñîáñòâåííûé èíòåãðàë íàçûâàþò ðàñõîäÿùèìñÿ. Åñëè èñõîäíûé èíòåãðàë ñõîäèòñÿ âìåñòå ñ èíòåãðàëîì îò ìîäóëÿ ïîäûíòåãðàëüíîé ôóíêöèè, òî ãîâîðÿò, ÷òî èñõîäíûé èíòåãðàë ñõîäèòñÿ àáñîëþòíî. Åñëè èñõîäíûé èíòåãðàë ñõîäèòñÿ, à èíòåãðàë îò ìîäóëÿ ðàñõîäèòñÿ, òî ãîâîðÿò, ÷òî èñõîäíûé èíòåãðàë ñõîäèòñÿ óñëîâíî. Àáñîëþòíàÿ ñõîäèìîñòü âëå÷åò çà ñîáîé óñëîâíóþ, îäíàêî îáðàòíîå íåâåðíî.


Òåîðåìà 1 (êðèòåðèé Êîøè ñõîäèìîñòè èíòåãðàëà). Äëÿ ñõîäèìîñòè íåñîáñòâåííîãî èíòåãðàëà �EMBED Equation.2��� íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû äëÿ ëþáîãî e > 0 ñóùåñòâîâàëî ÷èñëî B, òàêîå, ÷òî ïðè ëþáûõ A1, A2, áîëüøèõ B, âûïîëíÿëîñü íåðàâåíñòâî


�EMBED Equation.2���.


Òåîðåìà 2 (ïðèçíàê ñðàâíåíèÿ). Ïóñòü äëÿ ëþáîãî �EMBED Equation.2��� ñïðàâåäëèâî íåðàâåíñòâî �EMBED Equation.2��� è ïóñòü èíòåãðàë �EMBED Equation.2��� ñõîäèòñÿ. Òîãäà èíòåãðàë �EMBED Equation.2��� òàêæå ñõîäèòñÿ.





Åñëè èíòåãðàë ÿâëÿåòñÿ ñîáñòâåííûì èëè ñõîäÿùèìñÿ íåñîáñòâåííûì, òî åãî íàçûâàþò ðåãóëÿðíûì; â ïðîòèâíîì ñëó÷àå åãî íàçûâàþò ñèíãóëÿðíûì. Åñëè äëÿ ñèíãóëÿðíîãî èíòåãðàëà �EMBED Equation.2���, èìåþùåãî îñîáåííîñòü â òî÷êå �EMBED Equation.2���, ñóùåñòâóåò ïðåäåë, ïîëó÷åííûé ñèììåòðè÷íûì èñêëþ÷åíèåì îñîáåííîñòè


�EMBED Equation.2���,


òî ýòîò ïðåäåë íàçûâàþò ãëàâíûì çíà÷åíèåì ñèíãóëÿðíîãî èíòåãðàëà è îáîçíà÷àþò �EMBED Equation.2���. Íàïðèìåð,


�EMBED Equation.2���,


õîòÿ ñàì èíòåãðàë �EMBED Equation.2��� ÿâëÿåòñÿ ðàñõîäÿùèìñÿ. Ìîæíî çàìåòèòü, ÷òî â ñëó÷àå ñóùåñòâîâàíèÿ ãëàâíîãî çíà÷åíèÿ îíî ìîæåò áûòü íàéäåíî ôîðìàëüíûì ïðèìåíåíèåì ôîðìóëû Íüþòîíà-Ëåéáíèöà.


Ôîðìóëû Íüþòîíà-Êîòåñà


Ïðè ðåøåíèè ïðèêëàäíûõ çàäà÷ ÷àñòî âîçíèêàåò íåîáõîäèìîñòü âû÷èñëåíèÿ îïðåäåëåííûõ èíòåãðàëîâ îò ôóíêöèé, ïåðâîîáðàçíûå êîòîðûõ â ýëåìåíòàðíûõ ôóíêöèÿõ íå âûðàæàþòñÿ, ÷òî äåëàåò íåâîçìîæíûì èñïîëüçîâàíèå ôîðìóëû Íüþòîíà-Ëåéáíèöà. Â ýòèõ ñëó÷àÿõ çíà÷åíèå èíòåãðàëà íàõîäÿò ïðèáëèæåííî, èñïîëüçóÿ ìåòîäû ÷èñëåííîãî èíòåãðèðîâàíèÿ (êâàäðàòóðíûå ôîðìóëû).


Çàìå÷àíèå 6.8.1. Çàäà÷à ïðèáëèæåííîãî íàõîæäåíèÿ èíòåãðàëà �EMBED Equation.2��� ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì çàäà÷è ÷èñëåííîãî ðåøåíèÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ


�EMBED Equation.2���,


ïðè íà÷àëüíîì óñëîâèè


�EMBED Equation.2���.


Äëÿ ÷èñëåííîãî ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ðàçðàáîòàíû âåñüìà ýôôåêòèâíûå ìåòîäû. Â áîëüøèíñòâå ñëó÷àåâ èìåííî ýòè ìåòîäû öåëåñîîáðàçíî ïðèìåíÿòü äëÿ âû÷èñëåíèÿ îïðåäåëåííûõ èíòåãðàëîâ.


Âñå ìåòîäû ÷èñëåííîãî èíòåãðèðîâàíèÿ îñíîâàíû íà îïðåäåëåíèè èíòåãðàëà Ðèìàíà êàê ïðåäåëà èíòåãðàëüíîé ñóììû; ïðèáëèæåííîå çíà÷åíèå èíòåãðàëà îòûñêèâàåòñÿ êàê ïðåäåë ñóììû, ïî ôîðìå ñîâïàäàþùåé ñ èíòåãðàëüíîé. Äëÿ ýòîãî îòðåçîê èíòåãðèðîâàíèÿ òåì èëè èíûì ñïîñîáîì ðàçáèâàåòñÿ íà ÷àñòè÷íûå îòðåçêè; ãîâîðÿò, ÷òî íà îòðåçêå ââîäèòñÿ ñåòêà ñ óçëàìè xi.


Ïðîñòåéøèå ìåòîäû ÷èñëåííîãî èíòåãðèðîâàíèÿ îñíîâàíû íà êâàäðàòóðíûõ ôîðìóëàõ Íüþòîíà-Êîòåñà. Ïóñòü òðåáóåòñÿ âû÷èñëèòü èíòåãðàë


�EMBED Equation.2���,


â êîòîðîì îòðåçîê èíòåãðèðîâàíèÿ äîñòàòî÷íî ìàë. Çàìåíèâ ïîäûíòåãðàëüíóþ ôóíêöèþ åå çíà÷åíèåì íà íèæíåì ïðåäåëå, ïîëó÷èì ôîðìóëó ïðÿìîóãîëüíèêîâ:


�EMBED Equation.2���,


ãäå �EMBED Equation.2���, �EMBED Equation.2���, �EMBED Equation.2��� – áåñêîíå÷íî ìàëàÿ òîãî æå ïîðÿäêà, ÷òî è ïðîèçâåäåíèå �EMBED Equation.2���.


Çàìåíèâ ïîäûíòåãðàëüíóþ ôóíêöèþ ñðåäíèì àðèôìåòè÷åñêèì åå çíà÷åíèé íà âåðõíåì è íèæíåì ïðåäåëàõ, ïîëó÷èì ôîðìóëó òðàïåöèé:


�EMBED Equation.2���.


�


Ðèñ. 6.4. Ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ ôîðìóë Íüþòîíà-Êîòåñà


Ôîðìóëà òðàïåöèé ÿâëÿåòñÿ òî÷íîé äëÿ ôóíêöèé, êîòîðûå â êàæäîé òî÷êå îòðåçêà èíòåãðèðîâàíèÿ óäîâëåòâîðÿþò äèôôåðåíöèàëüíîìó óðàâíåíèþ �EMBED Equation.2��� (ò.å. ëèíåéíûõ ôóíêöèé: �EMBED Equation.2���). Â áîëüøèíñòâå ñëó÷àåâ èñïîëüçîâàíèå ôîðìóëû òðàïåöèé âìåñòî ôîðìóëû ïðÿìîóãîëüíèêîâ (ïðè òîì æå çíà÷åíèè �EMBED Equation.2���) ïîçâîëÿåò âû÷èñëèòü èíòåãðàë ñ áîëüøåé òî÷íîñòüþ.


Èñïîëüçîâàíèå ôîðìóëû ïðÿìîóãîëüíèêîâ ñîîòâåòñòâóåò çàìåíå êðèâîëèíåéíîé òðàïåöèè ABED (ðèñ. 6.4) ïðÿìîóãîëüíèêîì ABCD. Èñïîëüçîâàíèå ôîðìóëû òðàïåöèé ñîîòâåòñòâóåò çàìåíå êðèâîëèíåéíîé òðàïåöèè ABED òðàïåöèåé ABED.


Ïóñòü çíà÷åíèå ôóíêöèè èçâåñòíî â òðåõ ðàâíîîòñòîÿùèõ òî÷êàõ �EMBED Equation.2���, �EMBED Equation.2���, �EMBED Equation.2��� (äëÿ êîòîðûõ �EMBED Equation.2���). Çàìåíèâ ó÷àñòîê ãðàôèêà ôóíêöèè �EMBED Equation.2��� äóãîé ïàðàáîëû, ïîëó÷èì ôîðìóëó Ñèìïñîíà 


�EMBED Equation.2���.


Îøèáêà, âîçíèêàþùàÿ ïðè èñïîëüçîâàíèè ôîðìóë Íüþòîíà-Êîòåñà, óìåíüøàåòñÿ âìåñòå ñ óìåíüøåíèåì äëèíû îòðåçêà èíòåãðèðîâàíèÿ. Ïîýòîìó äëÿ óâåëè÷åíèÿ òî÷íîñòè ïðè âû÷èñëåíèè èíòåãðàëà ïî îòðåçêó �EMBED Equation.2��� íà ýòîì îòðåçêå ââîäÿò ðàâíîìåðíóþ ñåòêó – ðàçáèâàþò îòðåçîê òî÷êàìè �EMBED Equation.2���, x1,…, �EMBED Equation.2��� íà ìàëûå îòðåçêè äëèíîé �EMBED Equation.2���. Çàòåì íà êàæäîì îòðåçêå �EMBED Equation.2���, �EMBED Equation.2��� èñïîëüçóþò âûáðàííóþ ôîðìóëó Íüþòîíà-Êîòåñà, ïîñëå ÷åãî ñêëàäûâàþò ðåçóëüòàòû è ïðèâîäÿò ïîäîáíûå ñëàãàåìûå. Ïðè èñïîëüçîâàíèè ôîðìóëû òðàïåöèé áóäåò ïîëó÷åíà îáîáùåííàÿ ôîðìóëà òðàïåöèé:


�EMBED Equation.2���


ãäå R – ïîãðåøíîñòü êâàäðàòóðíîé ôîðìóëû:


�EMBED Equation.2���.


Àíàëîãè÷íî ìîæíî ïîëó÷èòü îáîáùåííóþ ôîðìóëó Ñèìïñîíà:


�EMBED Equation.2���


ãäå ïîãðåøíîñòü êâàäðàòóðíîé ôîðìóëû:


�EMBED Equation.2���;


÷èñëî óçëîâ ñåòêè N â ôîðìóëå Ñèìïñîíà äîëæíî áûòü ÷åòíûì.


Îöåíêà ïîãðåøíîñòè èíòåãðèðîâàíèÿ ïî ïðèâåäåííûì ôîðìóëàì òðåáóåò îòûñêàíèÿ ìàêñèìóìà ìîäóëÿ âòîðîé èëè ÷åòâåðòíîé ïðîèçâîäíîé. Ýòè ïðîèçâîäíûå ìîãóò áûòü íåèçâåñòíû èëè æå íåîãðàíè÷åííû. Ïîýòîìó íà ïðàêòèêå äëÿ îöåíêè ïîãðåøíîñòè èñïîëüçóþò ìåòîä ñãóùàþùèõñÿ ñåòîê (ìåòîä Ðóíãå): âû÷èñëÿþò çíà÷åíèÿ èíòåãðàëà íà ñåòêàõ ñ øàãîì h è h/2 è íàõîäÿò ìîäóëü ðàçíîñòè DI ïîëó÷åííûõ çíà÷åíèé. Îöåíêà ïîãðåøíîñòè:


�EMBED Equation.2��� – äëÿ ôîðìóëû òðàïåöèé;


�EMBED Equation.2��� – äëÿ ôîðìóëû Ñèìïñîíà.
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