Êðèâîëèíåéíûé èíòåãðàë âòîðîãî ðîäà


Ïóñòü ÷àñòèöà äâèæåòñÿ âäîëü ãëàäêîé òðàåêòîðèè l ïîä äåéñòâèåì ñèëû


�EMBED Equation.2���,


ãäå �EMBED Equation.2��� – ðàäèóñ-âåêòîð òî÷êè íà òðàåêòîðèè.


Íàéäåì ñîâåðøåííóþ ñèëîé ðàáîòó. Äëÿ ýòîãî ðàçîáüåì òðàåêòîðèþ íà n ýëåìåíòàðíûõ ïåðåìåùåíèé �EMBED Equation.2���, �EMBED Equation.2���, ..., �EMBED Equation.2���:


�EMBED Equation.2���, �EMBED Equation.2���.


Íà êàæäîì ýëåìåíòàðíîì ïåðåìåùåíèè �EMBED Equation.2��� âûáåðåì ïðîèçâîëüíî òî÷êó �EMBED Equation.2���. Åñëè ïðèíÿòü, ÷òî íà êàæäîì ýëåìåíòàðíîì ïåðåìåùåíèè ñèëà îñòàåòñÿ ïîñòîÿííîé, òî ðàáîòà ïðèáëèæåííî ðàâíà èíòåãðàëüíîé ñóììå


�EMBED Equation.2���.


Ïàðàìåòðîì ðàçáèåíèÿ l íàçîâåì íàèáîëüøèé èç ìîäóëåé ýëåìåíòàðíûõ ïåðåìåùåíèé �EMBED Equation.2���: Èñêîìàÿ ðàáîòà ðàâíà ïðåäåëó, ê êîòîðîìó ñòðåìèòñÿ èíòåãðàëüíàÿ ñóììà ïðè ñòðåìëåíèè ïàðàìåòðà ðàçáèåíèÿ ê íóëþ:


�EMBED Equation.2���.


Åñëè ñóùåñòâóåò êîíå÷íûé ïðåäåë ýòîé èíòåãðàëüíîé ñóììû, íå çàâèñÿùèé íè îò ñïîñîáà ðàçáèåíèÿ, íè îò âûáîðà òî÷åê pi, òî îí íàçûâàåòñÿ êðèâîëèíåéíûì èíòåãðàëîì âòîðîãî ðîäà (êðèâîëèíåéíûì èíòåãðàëîì ïî êîîðäèíàòàì):


�EMBED Equation.2���.


Ïðè ýòîì êðèâàÿ l íàçûâàåòñÿ êðèâîé èíòåãðèðîâàíèÿ, à âåêòîð dr íàçûâàåòñÿ ýëåìåíòîì äëèíû.


Åñëè íà÷àëî è êîíåö êðèâîé l ñîâïàäàþò, òî êðèâóþ íàçûâàþò êîíòóðîì èíòåãðèðîâàíèÿ, à èíòåãðàë íàçûâàþò öèðêóëÿöèåé:


�EMBED Equation.2���.


Äîïîëíèòåëüíî óêàçûâàþò íàïðàâëåíèå èíòåãðèðîâàíèÿ (íàïðàâëåíèå îáõîäà êîíòóðà): ïðîòèâ èëè ïî ÷àñîâîé ñòðåëêå. Ïîëîæèòåëüíûì ñ÷èòàþò îáõîä ïðîòèâ ÷àñîâîé ñòðåëêè – òàêîé, ÷òî ïðè äâèæåíèè âäîëü ãðàíèöû îáëàñòü, îãðàíè÷åííàÿ êîíòóðîì, îñòàåòñÿ ñëåâà.


Ñâîéñòâà êðèâîëèíåéíîãî èíòåãðàëà âòîðîãî ðîäà àíàëîãè÷íû ñâîéñòâàì îáû÷íîãî îïðåäåëåííîãî èíòåãðàëà. Ïðè ñìåíå íàïðàâëåíèÿ èíòåãðèðîâàíèÿ êðèâîëèíåéíûé èíòåãðàë âòîðîãî ðîäà ìåíÿåò çíàê:


�EMBED Equation.2���.


Ïóñòü êðèâàÿ èíòåãðèðîâàíèÿ çàäàíà ïàðàìåòðè÷åñêè:


�EMBED Equation.2���,


èëè, â äðóãîé çàïèñè


�EMBED Equation.2���,


ïðè÷åì êîíöàì êðèâîé ñîîòâåòñòâóþò çíà÷åíèÿ ïàðàìåòðà �EMBED Equation.2��� è �EMBED Equation.2���. Ýëëåìåíò äëèíû ðàâåí


�EMBED Equation.2���,


ïîýòîìó


�EMBED Equation.2���,


Ïóñòü êðèâàÿ èíòåãðèðîâàíèÿ ëåæèò â ïëîñêîñòè �EMBED Equation.2��� è çàäàíà óðàâíåíèåì �EMBED Equation.2���. Ïîëàãàÿ �EMBED Equation.2���, ïîëó÷èì:


�EMBED Equation.2���,


ãäå x1 è x2 – àáñöèññû íà÷àëüíîé è êîíå÷íîé òî÷åê êðèâîé.


Êðèâîëèíåéíûé èíòåãðàë ïåðâîãî ðîäà


Ïóñòü âäîëü ãëàäêîé êðèâîé l ðàñïîëîæåíà íèòü ïåðåìåííîé ëèíåéíîé ïëîòíîñòè �EMBED Equation.2���. Íàéäåì ìàññó íèòè.


Ðàçîáüåì êðèâóþ íà n ÷àñòè÷íûõ äóã s1, s2, ..., sn, äëèíû êîòîðûõ Ds1, Ds2, ..., Dsn. Íà êàæäîé ÷àñòè÷íîé äóãå âûáåðåì ïðîèçâîëüíî òî÷êó pi. Åñëè ïðèáëèæåííî ïðèíÿòü, ÷òî â ïðåäåëàõ êàæäîé ÷àñòè÷íîé äóãè ëèíåéíàÿ ïëîòíîñòü îñòàåòñÿ ïîñòîÿííîé, òî ìàññà íèòè ïðèáëèæåííî ðàâíà èíòåãðàëüíîé ñóììå


�EMBED Equation.2���.


Ïàðàìåòðîì ðàçáèåíèÿ l íàçîâåì íàèáîëüøóþ èç äëèí äóã: �EMBED Equation.2���. Èñêîìàÿ ìàññà ðàâíà ïðåäåëó, ê êîòîðîìó ñòðåìèòñÿ èíòåãðàëüíàÿ ñóììà ïðè ñòðåìëåíèè ïàðàìåòðà ðàçáèåíèÿ ê íóëþ:


�EMBED Equation.2���.


Åñëè ñóùåñòâóåò êîíå÷íûé ïðåäåë ýòîé èíòåãðàëüíîé ñóììû, íå çàâèñÿùèé íè îò ñïîñîáà ðàçáèåíèÿ, íè îò âûáîðà òî÷åê pi, òî îí íàçûâàåòñÿ êðèâîëèíåéíûì èíòåãðàëîì ïåðâîãî ðîäà (êðèâîëèíåéíûì èíòåãðàëîì ïî äóãå):


�EMBED Equation.2���.


Ïðè ýòîì êðèâàÿ l íàçûâàåòñÿ êðèâîé èíòåãðèðîâàíèÿ. Äèôôåðåíöèàë ds íàçûâàåòñÿ äèôôåðåíöèàëîì äóãè. Îí ðàâåí ìîäóëþ ýëåìåíòà äëèíû:


�EMBED Equation.2���.


Ñâîéñòâà êðèâîëèíåéíîãî èíòåãðàëà ïåðâîãî ðîäà â îñíîâíîì ñîâïàäàþò ñî ñâîéñòâàìè îáû÷íîãî îïðåäåëåííîãî èíòåãðàëà. Òàê êàê ýëåìåíò äóãè íåîòðèöàòåëåí, òî êðèâîëèíåéíûé èíòåãðàë ïåðâîãî ðîäà íå çàâèñèò îò íàïðàâëåíèÿ èíòåãðèðîâàíèÿ:


�EMBED Equation.2���.


Ïóñòü êðèâàÿ èíòåãðèðîâàíèÿ çàäàíà ïàðàìåòðè÷åñêè:


�EMBED Equation.2���,


ïðè÷åì çíà÷åíèå ïàðàìåòðà t1, ñîîòâåòñòâóþùåå íà÷àëüíîé òî÷êå, íå áîëüøå çíà÷åíèÿ t2, ñîîòâåòñòâóþùåãî êîíå÷íîé òî÷êå. Òîãäà


�EMBED Equation.2���,


�EMBED Equation.2���.


Åñëè êðèâàÿ èíòåãðèðîâàíèÿ ëåæèò â ïëîñêîñòè �EMBED Equation.2��� è çàäàíà óðàâíåíèåì �EMBED Equation.2���, òî èíòåãðàë ðàâåí


�EMBED Equation.2���,


ãäå x1 è x2 – àáñöèññû íà÷àëüíîé è êîíå÷íîé òî÷åê êðèâîé.


Ïóñòü êðèâàÿ èíòåãðèðîâàíèÿ ëåæèò â ïëîñêîñòè �EMBED Equation.2��� è çàäàíà ïîëÿðíûì óðàâíåíèåì �EMBED Equation.2���. Òîãäà:


�EMBED Equation.2���,


ãäå j1 è j2 – çíà÷åíèÿ ïîëÿðíîãî óãëà, ñîîòâåòñòâóþùèå íà÷àëüíîé è êîíå÷íîé òî÷êàì êðèâîé l.


Ïîòîê æèäêîñòè ÷åðåç ïîâåðõíîñòü. Ïîâåðõíîñòíûé èíòåãðàë II ðîäà è åãî ñâîéñòâà


Ïóñòü çàäàíà äâóñòîðîííÿÿ îðèåíòèðóåìàÿ ïîâåðõíîñòü S – ïîâåðõíîñòü, äëÿ êîòîðîé ñóùåñòâóþò äâà ïðîòèâîïîëîæíûõ íàïðàâëåíèÿ íîðìàëè. Îäíî èç ýòèõ íàïðàâëåíèé íàçîâåì âíóòðåííèì, äðóãîå – âíåøíèì. Ïóñòü ÷åðåç S òå÷åò æèäêîñòü, ñêîðîñòü êîòîðîé


�EMBED Equation.2���,


ãäå �EMBED Equation.2��� – ðàäèóñ-âåêòîð.


Íàéäåì ïîòîê æèäêîñòè ÷åðåç ïîâåðõíîñòü – îáúåì, ïðîõîäÿùèé ÷åðåç ïîâåðõíîñòü â åäèíèöó âðåìåíè.


Ðàññìîòðèì ìàëóþ òðóáêó òîêà – òðóáêó, íàïðàâëåíèå êîòîðîé ñîâïàäàåò ñ íàïðàâëåíèåì ñêîðîñòè æèäêîñòè. Ïóñòü ñå÷åíèå òðóáêè èìååò ïëîùàäü Ds. Â ñèëó ìàëîñòè Ds  ìû ìîæåì ñ÷èòàòü, ÷òî â êàæäîé òî÷êå òðóáêè òîêà ìîäóëü ñêîðîñòè îäèíàêîâ. Òîãäà â åäèíèöó âðåìåíè ÷åðåç ïîïåðå÷íîå ñå÷åíèå òðóáêè ïðîòåêàåò îáúåì, ðàâíûé


�EMBED Equation.2���.


Ïóñòü òðóáêà òîêà îãðàíè÷åíà ó÷àñòêîì Ds ïîâåðõíîñòè S. Â ñèëó ðàâåíñòâà ïîòîêîâ ÷åðåç Ds  è Ds èìååì


�EMBED Equation.2���,


ãäå j – óãîë, îáðàçóåìûé ñêîðîñòüþ �EMBED Equation.2��� ñî âíåøíåé íîðìàëüþ ê ó÷àñòêó Ds.


Ââåäåì â ðàññìîòðåíèå âåêòîð �EMBED Equation.2��� – âåêòîð âíåøíåé íîðìàëè ê ó÷àñòêó Ds, ìîäóëü êîòîðîãî ðàâåí ïëîùàäè ýòîãî ó÷àñòêà (íàïðàâëåíèå âåêòîðà ïîä÷èíÿåòñÿ ïðàâèëó ïðàâîãî âèíòà). Òîãäà


�EMBED Equation.2���.


Ðàçîáüåì ïîâåðõíîñòü íà n ÷àñòè÷íûõ îáëàñòåé �EMBED Equation.2���, �EMBED Equation.2���, ..., �EMBED Equation.2���. Â êàæäîé ÷àñòè÷íîé îáëàñòè âûáåðåì ïðîèçâîëüíî òî÷êó �EMBED Equation.2���. Åñëè ïðèíÿòü, ÷òî â ïðåäåëàõ êàæäîé ÷àñòè÷íîé îáëàñòè ñêîðîñòü æèäêîñòè îñòàåòñÿ ïîñòîÿííîé, òî ïîòîê ïðèáëèæåííî ðàâåí èíòåãðàëüíîé ñóììå


�EMBED Equation.2���.


Ïàðàìåòðîì ðàçáèåíèÿ l íàçîâåì íàèáîëüøèé èç äèàìåòðîâ ÷àñòè÷íûõ îáëàñòåé. Èñêîìûé ïîòîê ðàâåí ïðåäåëó, ê êîòîðîìó ñòðåìèòñÿ èíòåãðàëüíàÿ ñóììà ïðè ñòðåìëåíèè ïàðàìåòðà ðàçáèåíèÿ ê íóëþ:


�EMBED Equation.2���.


Åñëè ñóùåñòâóåò êîíå÷íûé ïðåäåë ýòîé èíòåãðàëüíîé ñóììû, íå çàâèñÿùèé íè îò ñïîñîáà ðàçáèåíèÿ, íè îò âûáîðà òî÷åê pi, òî îí íàçûâàåòñÿ ïîâåðõíîñòíûì èíòåãðàëîì âòîðîãî ðîäà, èëè ïîòîêîì âåêòîðà:


�EMBED Equation.2���.


Ïðè ýòîì ïîâåðõíîñòü S íàçûâàåòñÿ ïîâåðõíîñòüþ èíòåãðèðîâàíèÿ. Âåêòîð ds, íàïðàâëåíèå êîòîðîãî ñîâïàäàåò ñ íàïðàâëåíèåì âíåøíåé íîðìàëè, íàçûâàåòñÿ âåêòîðíûì ýëåìåíòîì ïëîùàäè, èëè âåêòîðîì ïëîùàäêè.


Åñëè ïîâåðõíîñòü S çàìêíóòà, òî ïîòîê îáîçíà÷àþò


�EMBED Equation.2���.


Ñâîéñòâà ïîâåðõíîñòíîãî èíòåãðàëà âòîðîãî ðîäà àíàëîãè÷íû ñâîéñòâàì îáû÷íîãî äâîéíîãî èíòåãðàëà. Èìåþò ìåñòî ëèíåéíîñòü è àääèòèâíîñòü èíòåãðàëà. Ïðè ñìåíå îðèåíòàöèè ïîâåðõíîñòè èíòåãðàë ìåíÿåò çíàê:


�EMBED Equation.2���.


Âû÷èñëåíèå ïîâåðõíîñòíîãî èíòåãðàëà âòîðîãî ðîäà


Âåêòîð ïëîùàäêè â äåêàðòîâûõ êîîðäèíàòàõ ðàâåí


�EMBED Equation.2���.


Ïóñòü ïîâåðõíîñòü èíòåãðèðîâàíèÿ çàäàíà ïàðàìåòðè÷åñêè:


�EMBED Equation.2���,


èëè


�EMBED Equation.2���,


ïðè÷åì ñèñòåìà óðàâíåíèé �EMBED Equation.2��� îïðåäåëÿåò âçàèìíî-îäíîçíà÷íîå îòîáðàæåíèå îáëàñòè D ïëîñêîñòè �EMBED Equation.2��� íà ïîâåðõíîñòü S.


Ïîâåðõíîñòíûé èíòåãðàë ðàâåí


�EMBED Equation.2���


�EMBED Equation.2���,


ãäå Jx, Jy è Jz – ÿêîáèàíû ñîîòâåòñòâóþùèõ ïðåîáðàçîâàíèé:


�EMBED Equation.2���; �EMBED Equation.2���; �EMBED Equation.2���.


Äëÿ ïîëó÷åíèÿ ïðàâèëüíîãî ðåçóëüòàòà ñóùåñòâåííî âàæíî, ÷òî ïàðû êîîðäèíàò �EMBED Equation.2���, �EMBED Equation.2��� è �EMBED Equation.2��� äîëæíû îïðåäåëÿòü ëîêàëüíûå «äâóõìåðíûå» ñèñòåìû òîé æå îðèåíòàöèè, ÷òî è ïàðà �EMBED Equation.2���. Èíà÷å, ïàðàìåòðû �EMBED Equation.2��� äîëæíû áûòü âûáðàíû òàêèì îáðàçîì, ÷òîáû ÷àñòíûå ïðîèçâîäíûå íà ãëàâíûõ äèàãîíàëÿõ âñåõ òðåõ ÿêîáèàíîâ èìåëè îäèíàêîâûé çíàê (òî÷íåå, èõ ïðîèçâåäåíèå äîëæíî áûòü íåîòðèöàòåëüíûì). Ïîäîáíûé âûáîð ïàðàìåòðîâ ìîæåò ïðåäñòàâëÿòü ñëîæíîñòü, ïîýòîìó ïîâåðõíîñòíûé èíòåãðàë âòîðîãî ðîäà îáû÷íî ðàçáèâàþò íà òðè èíòåãðàëà, êàæäûé èç êîòîðûõ âû÷èñëÿþò îòäåëüíî â äåêàðòîâûõ êîîðäèíàòàõ.


Ïóñòü, â ÷àñòíîñòè, óðàâíåíèå ïîâåðõíîñòè ìîæåò áûòü ïîî÷åðåäíî îäíîçíà÷íî ðàçðåøåíî îòíîñèòåëüíî êàæäîé èç ïåðåìåííûõ x, y, z.


�EMBED Equation.2���; �EMBED Equation.2���; �EMBED Equation.2���.


Òîãäà


�EMBED Equation.2���; �EMBED Equation.2���; �EMBED Equation.2���,


ïîýòîìó


�EMBED Equation.2���,


ãäå Dyz, Dxz è Dxy – ïðîåêöèè ïîâåðõíîñòè S íà ïëîñêîñòè yOz, xOz è xOy, ñîîòâåòñòâåííî.


Ïðèìåð. Íàéòè ïîòîê ðàäèóñ-âåêòîðà ÷åðåç ïîâåðõíîñòü ñôåðû �EMBED Equation.2���.


Óðàâíåíèå ñôåðû íå ìîæåò áûòü ÿâíî ðàçðåøåíî îòíîñèòåëüíî êîîðäèíàò x, y, z. Âîñïîëüçóåìñÿ ñèììåòðèåé çàäà÷è: íàéäåì ïîòîê ðàäèóñ-âåêòîðà ÷åðåç ó÷àñòîê �EMBED Equation.2���, ðàñïîëîæåííûé â ïåðâîì îêòàíòå.


Ðàçðåøèì óðàâíåíèå �EMBED Equation.2���îòíîñèòåëüíî âñåõ êîîðäèíàò:


�EMBED Equation.2���, òîãäà:


�EMBED Equation.2���.


Âñå òðè èíòåãðàëà â ïðàâîé ÷àñòè ðàâíû. Íàéäåì ïåðâûé èíòåãðàë:


�EMBED Equation.2���.


Òîãäà:


�EMBED Equation.2���.


Ïîâåðõíîñòíûé èíòåãðàë I ðîäà, åãî ñâîéñòâà è âû÷èñëåíèå


Ïóñòü â êàæäîé òî÷êå ïîâåðõíîñòè S çàäàíà ôóíêöèÿ �EMBED Equation.2���. Ðàçîáüåì ïîâåðõíîñòü S íà n ïîïàðíî - íåïåðåñåêàþùèõñÿ ó÷àñòêîâ s1, s2,..., sn c ïëîùàäÿìè Ds1, Ds2,..., Dsn. Äèàìåòðîì li ó÷àñòêà si íàçîâåì íàèáîëüøåå ðàññòîÿíèå ìåæäó äâóìÿ ëþáûìè åãî òî÷êàìè. Ïàðàìåòðîì ðàçáèåíèÿ l íàçîâåì íàèáîëüøèé èç äèàìåòðîâ ó÷àñòêîâ: l=max{li}.


Íà êàæäîì ó÷àñòêå si âûáåðåì ïðîèçâîëüíî òî÷êó pi(xi,yi,zi) è ñîñòàâèì èíòåãðàëüíóþ ñóììó


�EMBED Equation.2���.


Åñëè ïðè ñòðåìëåíèè ïàðàìåòðà ðàçáèåíèÿ ê íóëþ ñóùåñòâóåò êîíå÷íûé ïðåäåë ýòîé èíòåãðàëüíîé ñóììû, íå çàâèñÿùèé íè îò ñïîñîáà ðàçáèåíèÿ, íè îò âûáîðà òî÷åê pi, òî îí íàçûâàåòñÿ ïîâåðõíîñòíûì èíòåãðàëîì ïåðâîãî ðîäà îò ôóíêöèè f ïî ïîâåðõíîñòè S:


�EMBED Equation.2���.


Ïðè ýòîì ïîâåðõíîñòü S íàçûâàþò ïîâåðõíîñòüþ èíòåãðèðîâàíèÿ, à ds íàçûâàþò ýëåìåíòîì ïëîùàäè:


�EMBED Equation.2���,


ãäå ds – âåêòîð ïëîùàäêè.


Ñâîéñòâà ïîâåðõíîñòíîãî èíòåãðàëà I ðîäà âî àíàëîãè÷íû ñâîéñòâàì êðèâîëèíåéíîãî èíòåãðàëà ïåðâîãî ðîäà. Èìåþò ìåñòî ëèíåéíîñòü è àääèòèâíîñòü èíòåãðàëà. Ñïðàâåäëèâà îöåíêà ïîâåðõíîñòíîãî èíòåãðàëà: åñëè ôóíêöèÿ �EMBED Equation.2��� äîñòèãàåò íà ïîâåðõíîñòè S ñâîåãî íàèáîëüøåãî M è íàèìåíüøåãî m çíà÷åíèé, òî


�EMBED Equation.2���.


Ñïðàâåäëèâà òåîðåìà î ñðåäíåì: åñëè ôóíêöèÿ f íåïðåðûâíà íà ïîâåðõíîñòè S, òî ñóùåñòâóåò òî÷êà �EMBED Equation.2���, òàêàÿ, ÷òî:


�EMBED Equation.2���.


Ïóñòü óðàâíåíèå ïîâåðõíîñòè S ìîæåò áûòü ðàçðåøåíî îòíîñèòåëüíî ïåðåìåííîé z. Òîãäà


�EMBED Equation.2���,


ñëåäîâàòåëüíî


�EMBED Equation.2���,


ãäå Dxy – ïðîåêöèÿ ïîâåðõíîñòè S íà ïëîñêîñòü xOy.


Àíàëîãè÷íî ìîãóò áûòü ïîëó÷åíû ñîîòíîøåíèÿ:


�EMBED Equation.2���,


�EMBED Equation.2���,


ãäå Dxz è Dyz – ïðîåêöèè ïîâåðõíîñòè S íà ïëîñêîñòè xOz è yOz, ñîîòâåòñòâåííî.


Ïðèìåíåíèÿ ïîâåðõíîñòíîãî èíòåãðàëà I ðîäà


Åñëè ôóíêöèÿ f(x,y,z) ïîä çíàêîì ïîâåðõíîñòíîãî èíòåãðàëà I ðîäà ðàâíà åäèíèöå, òî èíòåãðàë âûðàæàåò ïëîùàäü ïîâåðõíîñòè:


�EMBED Equation.2���.


Åñëè ìàññà ðàñïðåäåëåíà ïî ïîâåðõíîñòè S, ïðè÷åì ïîâåðõíîñòíàÿ ïëîòíîñòü ðàâíà �EMBED Equation.2���, òî ìàññà ïîâåðõíîñòè


�EMBED Equation.2���.


Ñòàòè÷åñêèå ìîìåíòû ïîâåðõíîñòè îòíîñèòåëüíî êîîðäèíàòíûõ ïëîñêîñòåé:


�EMBED Equation.2���, �EMBED Equation.2���, �EMBED Equation.2���.


Êîîðäèíàòû öåíòðà òÿæåñòè:


�EMBED Equation.2���, �EMBED Equation.2���, �EMBED Equation.2���.


Ïîëå. Ïîâåðõíîñòè è ëèíèè óðîâíÿ. Ñèëîâûå ëèíèè


Åñëè êàæäîé òî÷êå �EMBED Equation.2��� ïðîñòðàíñòâà (èëè åå ðàäèóñ-âåêòîðó �EMBED Equation.2���) ïîñòàâëåíà â ñîîòâåòñòâèå íåêîòîðàÿ âåëè÷èíà, òî ãîâîðÿò, ÷òî â ïðîñòðàíñòâå îïðåäåëåíî ïîëå ýòîé âåëè÷èíû. Åñëè âåëè÷èíà ÿâëÿåòñÿ ñêàëÿðíîé, òî ïîëå íàçûâàþò ñêàëÿðíûì ïîëåì (ñêàëÿðîì); åñëè âåëè÷èíà âåêòîðíàÿ, òî ãîâîðÿò î âåêòîðíîì ïîëå (âåêòîðå). Ñêàëÿðíîå ïîëå åñòü ôóíêöèÿ òðåõ ïåðåìåííûõ – êîîðäèíàò òî÷êè:


�EMBED Equation.2���.


Âåêòîðíîå ïîëå åñòü óïîðÿäî÷åííûé íàáîð òðåõ ñêàëÿðíûõ ïîëåé:


�EMBED Equation.2���,


ãäå �EMBED Equation.2���, �EMBED Equation.2��� è �EMBED Equation.2��� – ñêàëÿðíûå ïîëÿ.


Åñëè ïîëå îïðåäåëåíî íà ïëîñêîñòè (èëè íå çàâèñèò îò òðåòüåé ïðîñòðàíñòâåííîé ïåðåìåííîé z), òî åãî ÷àñòî íàçûâàþò «ïëîñêèì ïîëåì». Ïëîñêîå ñêàëÿðíîå ïîëå åñòü ôóíêöèÿ äâóõ ïðîñòðàíñòâåííûõ ïåðåìåííûõ; ïëîñêîå âåêòîðíîå ïîëå åñòü óïîðÿäî÷åííûé íàáîð òðåõ ïëîñêèõ ñêàëÿðíûõ ïîëåé.


Ìíîæåñòâî òî÷åê, â êîòîðûõ ñêàëÿð �EMBED Equation.2��� ïðèíèìàåò îäèíàêîâûå çíà÷åíèÿ, íàçûâàþò ïîâåðõíîñòüþ óðîâíÿ. Óðàâíåíèå ýòîé ïîâåðõíîñòè


�EMBED Equation.2���.


Åñëè ñêàëÿð îïðåäåëåí íà ïëîñêîñòè, òî óðàâíåíèå �EMBED Equation.2��� îïðåäåëÿåò ëèíèþ óðîâíÿ íà ïëîñêîñòè xOy. Íàïðèìåð, ëèíèè óðîâíÿ ïëîñêîãî ïîëÿ


�EMBED Equation.2���


ÿâëÿþòñÿ îêðóæíîñòÿìè �EMBED Equation.2��� (ðèñ.).


Âåêòîðíîé (ñèëîâîé) ëèíèåé ïîëÿ �EMBED Equation.2��� íàçûâàåòñÿ êðèâàÿ, êàñàòåëüíàÿ ê êîòîðîé â êàæäîé åå òî÷êå ñîâïàäàåò ïî íàïðàâëåíèþ ñ âåêòîðîì �EMBED Equation.2���. Ñèëîâàÿ ëèíèÿ ÿâëÿåòñÿ ãðàôèêîì ðåøåíèÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé


�EMBED Equation.2���.


Ïðîèçâîäíàÿ ïî íàïðàâëåíèþ. Ãðàäèåíò


Ïðîèçâîäíîé ñêàëÿðíîãî ïîëÿ â òî÷êå r ïî íàïðàâëåíèþ âåêòîðà l íàçûâàåòñÿ ïðåäåë, ê êîòîðîìó ñòðåìèòüñÿ îòíîøåíèå ïðèðàùåíèÿ ôóíêöèè (ïðè ïåðåõîäå îò òî÷êè r ê òî÷êå �EMBED Equation.2���) ê ìîäóëþ ïðèðàùåíèÿ êîîðäèíàò ïðè ñòðåìëåíèè ìîäóëÿ ïðèðàùåíèÿ êîîðäèíàò ê íóëþ:


�EMBED Equation.2���, ãäå �EMBED Equation.2���.


Ïðîèçâîäíàÿ ïî íàïðàâëåíèþ õàðàêòåðèçóåò ñêîðîñòü èçìåíåíèÿ ïîëÿ â íàïðàâëåíèè âåêòîðà l.


Çàìå÷àíèå 10.10.1. Íåòðóäíî âèäåòü, ÷òî ïðîèçâîäíûå ïîëÿ ïî íàïðàâëåíèþ îñåé êîîðäèíàò ðàâíû ñîîòâåòñòâóþùèì ÷àñòíûì ïðîèçâîäíûì. Íàïðèìåð,


�EMBED Equation.2���.


Ïóñòü �EMBED Equation.2��� è ôóíêöèÿ �EMBED Equation.2��� äèôôåðåíöèðóåìà â òî÷êå r. Òîãäà â ýòîé òî÷êå ïîëíîå ïðèðàùåíèå ôóíêöèè â íàïðàâëåíèè âåêòîðà l ìîæíî ïðåäñòàâèòü â âèäå


�EMBED Equation.2���,


ãäå �EMBED Equation.2��� – áåñêîíå÷íî ìàëàÿ áîëåå âûñîêîãî ïîðÿäêà, íåæåëè l. Ñ ó÷åòîì �EMBED Equation.2��� ïîëó÷èì


�EMBED Equation.2���


�EMBED Equation.2���,


ãäå


�EMBED Equation.2���


– îðò âåêòîðà l.


Ïåðâûé ñîìíîæèòåëü â ïðàâîé ÷àñòè ñîîòíîøåíèÿ


�EMBED Equation.2���


íîñèò íàçâàíèå ãðàäèåíòà ñêàëÿðíîãî ïîëÿ:


�EMBED Equation.2���.


Ìîæíî ñêàçàòü, ÷òî ïðîèçâîäíàÿ ïîëÿ ïî íàïðàâëåíèþ âåêòîðà l ðàâíà ïðîåêöèè ãðàäèåíòà ïîëÿ íà ýòîò âåêòîð:


�EMBED Equation.2���.


Åñëè âåêòîð l êîëëèíåàðåí ãðàäèåíòó ïîëÿ, òî ñêàëÿðíîå ïðîèçâåäåíèå â ïðàâîé ÷àñòè äîñòèãàåò ìàêñèìàëüíîãî (ïî ìîäóëþ) çíà÷åíèÿ. Åñëè æå âåêòîð l îðòîãîíàëåí ãðàäèåíòó, òî ñêàëÿðíîå ïðîèçâåäåíèå â ïðàâîé ÷àñòè ðàâíî íóëþ; â ýòîì íàïðàâëåíèè ïîëå íå èçìåíÿåòñÿ. Ïîýòîìó ãðàäèåíò åñòü âåêòîð, îðòîãîíàëüíûé ê ïîâåðõíîñòè óðîâíÿ, íàïðàâëåííûé â ñòîðîíó âîçðàñòàíèÿ ïîëÿ è ÷èñëåííî ðàâíûé ïðîèçâîäíîé ñêàëÿðíîãî ïîëÿ ïî íàïðàâëåíèþ íîðìàëè ê ïîâåðõíîñòè óðîâíÿ.


Äèâåðãåíöèÿ è ðîòîð. Îïåðàòîð Ãàìèëüòîíà


Äèâåðãåíöèÿ (ðàñõîäèìîñòü) âåêòîðà �EMBED Equation.2��� åñòü ñêàëÿð, õàðàêòåðèçóþùèé ïëîòíîñòü èñòî÷íèêîâ ïîëÿ. Â äåêàðòîâûõ êîîðäèíàòàõ:


�EMBED Equation.2���.


Ðîòîð (âèõðü) âåêòîðíîãî ïîëÿ �EMBED Equation.2��� åñòü âåêòîð, ìîäóëü êîòîðîãî õàðàêòåðèçóåò ñòåïåíü «çàêðó÷åííîñòè» âåêòîðíûõ ëèíèé. Ïðîåêöèÿ ðîòîðà íà çàäàííîå íàïðàâëåíèå îïðåäåëÿåòñÿ êàê ïðåäåë îòíîøåíèÿ öèðêóëÿöèè ïîëÿ ïî êîíòóðó, ïåðïåíäèêóëÿðíîìó ýòîìó íàïðàâëåíèþ, ê ïëîùàäè êîíòóðà, ïðè ñòÿãèâàíèè êîíòóðà â òî÷êó. Ïîëÿ, ðîòîð êîòîðûõ ðàâåí íóëþ, íàçûâàþò áåçâèõðåâûìè.


Â äåêàðòîâûõ êîîðäèíàòàõ ðîòîð ìîæåò áûòü âû÷èñëåí êàê ñèìâîëè÷åñêèé îïðåäåëèòåëü:


�EMBED Equation.2���.


Ýòîò îïðåäåëèòåëü ïðèíÿòî ðàñêðûâàòü ïî ïåðâîé ñòðîêå. Ïðè ðàñêðûòèè «óìíîæåíèå» íà ýëåìåíòû âòîðîé ñòðîêè çàìåíÿåòñÿ îïåðàöèåé äèôôåðåíöèðîâàíèÿ.


Òðè âåêòîðíûå äèôôåðåíöèàëüíûå îïåðàöèè äîïóñêàþò åäèíóþ çàïèñü. Ðàññìîòðèì ñèìâîëè÷åñêèé âåêòîð – îïåðàòîð Ãàìèëüòîíà �EMBED Equation.2��� (÷èòàåòñÿ «íàáëà»):


�EMBED Equation.2���.


Óìíîæåíèå �EMBED Equation.2��� íà ñêàëÿð ñîîòâåòñòâóåò íàõîæäåíèþ ãðàäèåíòà:


�EMBED Equation.2���.


Ñêàëÿðíîå ïðîèçâåäåíèå �EMBED Equation.2��� íà âåêòîð A ñîîòâåòñòâóåò íàõîæäåíèþ äèâåðãåíöèè:


�EMBED Equation.2���.


Âåêòîðíîå ïðîèçâåäåíèå �EMBED Equation.2��� íà âåêòîð A ñîîòâåòñòâóåò íàõîæäåíèþ ðîòîðà:


�EMBED Equation.2���.


Äèôôåðåíöèàëüíûå îïåðàöèè âòîðîãî ïîðÿäêà åñòü ðåçóëüòàò äâóêðàòíîãî ïðèìåíåíèÿ ê ïîëþ îïåðàòîðà �EMBED Equation.2���. Äèâåðãåíöèÿ ðîòîðà è ðîòîð ãðàäèåíòà òîæäåñòâåííî ðàâíû íóëþ. Îòëè÷íûìè îò íóëÿ ìîãóò áûòü òîëüêî ãðàäèåíò äèâåðãåíöèè, äèâåðãåíöèÿ ãðàäèåíòà è ðîòîð ðîòîðà.


Äëÿ êðàòêîé çàïèñè äèâåðãåíöèè ãðàäèåíòà ñëóæèò îïåðàòîð Ëàïëàñà D (÷èòàåòñÿ «íàáëà êâàäðàò»); çàïèñûâàþò:


�EMBED Equation.2���, èëè: �EMBED Equation.2���.


Â äåêàðòîâûõ êîîðäèíàòàõ


�EMBED Equation.2���.


Èíòåãðàëüíûå òåîðåìû òåîðèè ïîëÿ


Ôîðìóëà Îñòðîãðàäñêîãî-Ãàóññà óñòàíàâëèâàåò ñâÿçü ìåæäó ïîòîêîì âåêòîðà ÷åðåç çàìêíóòóþ ïîâåðõíîñòü è èíòåãðàëîì ïî îáúåìó, îãðàíè÷åííîìó ýòîé ïîâåðõíîñòüþ:


�EMBED Equation.2���,


ãäå V – îáúåì, îãðàíè÷åííûé ïîâåðõíîñòüþ S.


Ôîðìóëà Ñòîêñà óñòàíàâëèâàåò ñâÿçü ìåæäó êðèâîëèíåéíûì èíòåãðàëîì âòîðîãî ðîäà ïî çàìêíóòîìó êîíòóðó è ïîòîêîì ÷åðåç ïîâåðõíîñòü, îãðàíè÷åííóþ ýòèì êîíòóðîì:


�EMBED Equation.2���,


ãäå S – ïîâåðõíîñòü, îãðàíè÷åííàÿ êîíòóðîì L, �EMBED Equation.2��� – ýëåìåíò äëèíû, �EMBED Equation.2��� – ýëåìåíò ïëîùàäè.


Åñëè êîíòóð L öåëèêîì ëåæèò â ïëîñêîñòè xOy, òî âåêòîð ïëîùàäêè èìååò òîëüêî îäíó íåíóëåâóþ êîîðäèíàòó: �EMBED Equation.2���. Ïîýòîìó


�EMBED Equation.2���,


ïîòîê ïåðåõîäèò â îáû÷íûé äâîéíîé èíòåãðàë, à ôîðìóëà Ñòîêñà ïåðåõîäèò â ôîðìóëó Ãðèíà:


�EMBED Equation.2���,


ãäå D – îáëàñòü, îãðàíè÷åííàÿ êîíòóðîì L.


Åñëè âûðàæåíèå �EMBED Equation.2��� ÿâëÿåòñÿ ïîëíûì äèôôåðåíöèàëîì íåêîòîðîé ôóíêöèè: �EMBED Equation.2���, òî


�EMBED Equation.2���.


Â ýòîì ñëó÷àå ïëîñêîå ïîëå F – áåçâèõðåâîå è ïîòåíöèàëüíîå, öèðêóëÿöèÿ îò �EMBED Equation.2��� ïî ëþáîìó çàìêíóòîìó êîíòóðó ðàâíà íóëþ, à êðèâîëèíåéíûé èíòåãðàë �EMBED Equation.2��� çàâèñèò òîëüêî îò ïîëîæåíèÿ íà÷àëüíîé è êîíå÷íîé òî÷åê êðèâîé l. Ôóíêöèþ U íàçûâàþò ïîòåíöèàëîì âåêòîðíîãî ïîëÿ.


Äëÿ âûïîëíåíèÿ èíòåãðàëüíûõ òåîðåì òðåáóåòñÿ íåïðåðûâíîñòü êàê ñàìèõ ôóíêöèé P, Q è R, òàê è âñåõ èõ ÷àñòíûõ ïðîèçâîäíûõ. Êîíòóð L, ôèãóðèðóþùèé â ôîðìóëàõ Ñòîêñà è Ãðèíà, íå äîëæåí èìåòü ñàìîïåðåñå÷åíèé. Îáëàñòü D, îãðàíè÷åííàÿ êîíòóðîì L â ôîðìóëå Ãðèíà, äîëæíà áûòü îäíîñâÿçíîé (îáëàñòü îäíîñâÿçíà, åñëè ëþáîé êîíòóð âíóòðè åå ìîäåò áûòü ñòÿíóò â òî÷êó).


Ïðèìåð. Íàéòè ïîòîê ðàäèóñ-âåêòîðà ÷åðåç ïîâåðõíîñòü åäèíè÷íîé ñôåðû �EMBED Equation.2���.


Âîñïîëüçóåìñÿ ôîðìóëîé Îñòðîãðàäñêîãî-Ãàóññà:


�EMBED Equation.2���,


÷òî ñîâïàäàåò ñ ïîëó÷åííûì âûøå ðåçóëüòàòîì.
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